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FROM ONE BUBBLE TO SEVERAL BUBBLES:
THE LOW-DIMENSIONAL CASE

OLIVIER DRUET

Abstract
We study in this paper sequences of solutions of elliptic PDE’s with critical
Sobolev growth on compact Riemannian manifolds. We prove some com-
pactness results for such sequences which apply in particular to sequences
of solutions of the Yamabe equation. We also underline the effect of the
dimension and the geometry of the manifold on the blow-up behaviour of
such sequences.

Let (M, g) be a smooth compact Riemannian manifold of dimension
n ≥ 3, and H2

1 (M) be the standard Sobolev space consisting of functions
in L2(M) whose gradient is also in L2(M). We let h be a smooth
function on M and consider equations like

(E) ∆gu+ hu = u2
�−1

where ∆g = −divg∇ is the Laplace-Beltrami operator, and 2� = 2n
n−2 is

the critical Sobolev exponent for the embedding ofH2
1 (M) into Lebesgue’s

spaces Lq(M). Such equations have been the target of investigation for
decades. They arise naturally in conformal geometry when h = C(n)Sg,
C(n) = (n− 2)/4(n− 1), where Sg is the scalar curvature of g. In this
case, if u is a positive solution of (E), then the conformal metric u

4
n−2 g

has constant scalar curvature. Equation (E) when h = C(n)Sg is re-
ferred to as the Yamabe equation. Equations like (E) arise also naturally
in the study of sharp Sobolev inequalities. Possible surveys on the Yam-
abe equation, including the final resolution of the Yamabe problem by
Schoen [27], are [21, 28, 29]. Possible monographs on sharp Sobolev
inequalities are [9] and [18].
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We let in this paper (hε)ε>0 be a sequence of smooth functions on
M verifying that there exists h0 ∈ C2(M) such that ∆g +h0 is coercive
and such that

(0.1) lim
ε→0

hε = h0 in C2(M)

and we consider (uε)ε>0 a sequence of smooth positive solutions of

(Eε) ∆guε + hεuε = u2
�−1

ε .

We assume that (uε) is of bounded energy in the sense that there exists
Λ > 0 such that

(0.2) lim sup
ε→0

‖uε‖2�

2� ≤ Λ

where, as in the sequel, ‖ . ‖p denotes the Lp-norm. Then, after passing
to a subsequence,

(0.3) lim
ε→0

uε = u0 weakly in H2
1 (M)

for some smooth nonnegative function u0, solution of the limit equation

∆gu0 + h0u0 = u2
�−1

0 .

We assume in what follows that (0.2) and (0.3) hold. Since uε is positive,
the maximum principle gives that either u0 ≡ 0 or u0 > 0. If (uε) is
bounded in L∞(M), then, thanks to standard elliptic theory,

(0.4) lim
ε→0

uε = u0 in C2(M) .

Throughout this paper, we assume that (0.4) is false so that

(0.5) lim
ε→0

‖uε‖∞ = +∞.

Then the uε’s develop a concentration phenomenon. This concentration
phenomenon is well understood inH2

1 (M), thanks for instance to Struwe
[35]. Following Struwe [35], we get that, up to a subsequence,

(0.6) uε = u0 +
N∑

i=1

Bi
ε +Rε

where N ≥ 1 is an integer, the Bi
ε are bubbles obtained by rescaling

fundamental positive solutions of the critical Euclidean equation ∆u =
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u2
�−1, and the Rε’s are lower order terms in H2

1 (M), so that Rε → 0 in
H2

1 (M) as ε → 0. A more precise definition of the bubbles is that

Bi
ε(x) =

(
µi,ε

µ2
i,ε + andg(xi,ε, x)2

)n−2
2

where (xi,ε) is a converging sequence of points in M , and (µi,ε) is a
sequence of positive real numbers converging to 0 as ε → 0. Here and
in all the sequel,

an =
1

n (n− 2)
.

Moreover, the bubbles do not interact at the H2
1 -level so that

‖uε‖2�

2� = ‖u0‖2�

2� +NΛmin + o (1)

where the minimum energy Λmin is given by Λmin = K
−n/2
n , where

Kn is the sharp constant for the Euclidean Sobolev inequality ‖u‖22� ≤
K‖∇u‖22. We refer to the above description as the H2

1 -theory for blow-
up. The C0-theory, that we will use in this paper, was recently devel-
oped by Druet-Hebey-Robert [12, 13]. A special situation is when the
uε’s are of minimal energy, that is when Λ = Λmin in (0.2). In such a
case, thanks to the splitting of the energy in the above Struwe decom-
position, we easily get that either u0 ≡ 0 or uε → u0 in C2(M). In
other words, either u0 ≡ 0 or blow-up does not occur. A first and näıve
question we address in this paper is whether or not such an alternative
holds also when the bound on the energy in (0.2) is arbitrary, and, more
generally, whether or not the dimension of the manifold has something
to do with the vanishing or nonvanishing of u0. An independent natural
question when blow-up occurs is to determine the location of geometric
concentration points. When the energy of the uε’s is minimal and n ≥ 4,
see for instance Druet-Hebey [9] and Druet-Robert [14], we can prove
that h0 (x) = C(n)Sg (x) where x is the geometric concentration point
of the uε’s. Another question we ask in this paper is whether or not this
continues to hold when the bound on the energy in (0.2) is arbitrary. A
positive answer to this question would provide another example of the
criticality of the Yamabe equation. At last, we address the question of
the compactness of solutions of (Eε). This was first handled by Schoen
[28] in the case of the Yamabe equation. We refer also to Schoen [29, 30].

We concentrate in this paper on the low-dimensional case, where
3 ≤ n ≤ 5. We say that the uε’s blow-up if (0.5) holds. We let then S
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be the set of the geometric concentration points of the uε’s, defined as
the set consisiting of the limits of the xi,ε’s as ε → 0. Independently, we
say that compactness holds for the uε’s if (0.4) holds. Our main result,
which answers the above questions for low dimensions, is the following:

Theorem. Let (M, g) be a smooth compact Riemannian manifold
without boundary of dimension 3 ≤ n ≤ 5. Let (uε) be a sequence of
positive solutions of (Eε). We assume that (0.1), (0.2), (0.3) hold. If the
uε’s blow-up, then u0 ≡ 0, and when n = 4, 5, there exists x0 ∈ S such
that h0 (x0) = C(n)Sg (x0), where S is the set of geometric concentration
points, and C(n) is as above. In particular, compactness holds for the
uε’s if n = 4, 5 and h0 (x) �= C(n)Sg (x) for all x in M . Compactness
holds also for the uε’s if n = 3, 4, 5 and hε (x) ≤ C(n)Sg (x) for all
x in M and all ε, with the additional condition that (M, g) has to be
conformally distinct to the unit n-sphere if h0(x) = C(n)Sg(x) for all x
in M .

The compactness result of the theorem in its last part applies to the
Yamabe equation, a situation where we recover the compactness result
of Schoen [28]. In particular, if (M, g) is a compact Riemannian mani-
fold of dimension n = 3, 4, 5, conformally distinct to the unit n-sphere,
and if (gε = u

4/(n−2)
ε g) is a sequence of conformal metrics to g of con-

stant scalar curvature 1 and of bounded volume, then the sequence (uε)
is precompact in C2(M). Our theorem, in its last part, was proved in
dimension n = 3 by Li and Zhu [24]. The proof of our theorem relies on
the C0-theory for blow-up developed in Druet-Hebey-Robert [12]. The
paper is organized as follows: in Section 1, we describe the C0-theory
developed in [12]. Section 2 is devoted to the estimate of the distance
between concentration points and Section 3 deals with the special case
of almost isolated concentration points. The analysis of the distance
between concentration points was initiated (in the context of surfaces
of constant mean curvature) by Brezis and Coron (see [4, 5, 6]). At
last, in Section 4, we prove the theorem and give some results concern-
ing higher dimensions. We also provide some instructive examples of
blowing-up sequences of solutions of Equation (Eε) in this last section.

1. A C0-theory for blowing-up sequences of
solutions of elliptic PDE’s

In this section, we describe, and give some consequences of, the
pointwise version of Struwe’s result (see (0.6)) obtained in Druet-Hebey-
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Robert [12]. We first recall the result which was proved in [12]. This
result and one of its consequence (Claim 1 below) are the starting point
for the analysis of Section 2.

Theorem ([12]). Let (M, g) be a smooth compact Riemannian
manifold of dimension n ≥ 3, (hε) be a sequence of smooth functions on
M satisfying (0.1), and (uε) be a sequence of smooth positive solutions
of Equation (Eε) satisfying (0.2)− (0.3). Assume that (0.5) holds, that
is that ‖uε‖∞ → +∞ as ε → 0. Then there exist N ∈ N

�, N converging
sequences (xi,ε) of points in M and N sequences (µi,ε) of positive real
numbers converging to 0 such that, after passing to a subsequence,

(1− ηε)u0 (x) +
1
C

N∑
i=1

(
µi,ε

µ2
i,ε + andg (xi,ε, x)

2

)n−2
2

≤ uε (x) ≤ (1 + ηε)u0 (x) + C

N∑
i=1

(
µi,ε

µ2
i,ε + dg (xi,ε, x)

2

)n−2
2

for all x ∈ M and all ε where C > 1 is independent of ε and x and (ηε),
independent of x, is a sequence of positive real numbers converging to 0
as ε → 0. In particular, the uε’s are pointwisely controled on both sides
by u0 and standard bubbles.

This result has important applications when dealing with sharp
Sobolev inequalities (see the monographs [9] and [18]). Other direc-
tions of research are the study of the energy function (see [19]). The
above theorem is proved in Chapters 4 and 6 of Druet-Hebey-Robert
[12]. Many asymptotic analysis of this kind are available in the minimal
energy case: we cite among others the works of Atkinson-Peletier [2],
Brezis-Peletier [7], Robert [25, 26] in the radially symmetric case on the
Euclidean ball, the work of Han [15] when dealing with solutions uε of
∆uε = u2

�−1−ε
ε on arbitrary domains of R

n, the work of Hebey-Vaugon
[20] on arbitrary Riemannian manifolds with hε → +∞ as ε → 0. In
the case of the standard sphere, we refer also to Chang-Gursky-Yang
[8], to Druet-Robert [14], to Li [22, 23] and to Schoen-Zhang [34]. One
difficulty to get pointwise estimates when there are several bubbles is
that bubbles do interact at a C0-level except in dimension n = 3 where
one can prove a priori that the concentration points are isolated.

Let us come back to the above result. We let (xi,ε) and (µi,ε) be the
points in M and the positive real numbers given by the theorem. We
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refer to Chapters 4 and 6 of [12] for all the following assertions: first,
we have that

(1.1) for any i, j ∈ {1, . . . , N} , i �= j,
dg (xi,ε, xj,ε)

2

µi,εµj,ε
→ +∞ as ε → 0.

Then we have that for any i ∈ {1, . . . , N},

lim
ε→0

µ
n
2
−1

i,ε uε

(
expxi,ε

(µi,εx)
)
= u (x)

in C2
loc (R

n\Si) where

u(x) =
(
1 + an|x|2

)1−n
2

is a solution of ∆ξu = u2
�−1 in R

n, ξ the Euclidean metric, and

Si =
{
lim
ε→0

1
µi,ε

exp−1
xi,ε

(xj,ε) , j �= i s.t. xj,ε ∈ Bxi,ε

(
ig(M)

2

)}
.

In this definition, ig(M) is the injectivity radius of M and we assume
that the limits exist, which is always the case after passing to a new
subsequence.

Note that, as a direct consequence of the above theorem associated
to standard elliptic theory, one gets that

lim
ε→0

uε = u0 in C2
loc (M\S)

where

(1.2) S =
{
xi, i ∈ {1, . . . , N}} with xi = lim

ε→0
xi,ε.

As proved in Section 6.3 of [12], the estimate of the theorem may be
precised: let us define S0 ∈ C0 (M ×M) by

S0 (x, y) =


1 if x = y

(n− 2)ωn−1dg (x, y)
n−2 G0 (x, y) if x �= y

where G0 is the Green function of ∆g +h0, h0 as in (0.1). The fact that
S0 ∈ C0 (M ×M) comes from standard property of the Green function.
We refer the reader to the appendix of [12] for estimates on Green’s
functions of linear elliptic operators on compact manifolds. We let (xε)
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be a sequence of points in M such that xε → x0 as ε → 0. Then we
have the following asymptotic estimate on uε (xε) as ε → 0:

(1.3) uε (xε) = u0 (xε)
(
1 + o (1)

)
+

N∑
i=1

(
S0 (xi, x0) + o (1)

)
ϕi,ε (xε)

where for i = 1, . . . , N , ϕi,ε is the standard bubble

(1.4) ϕi,ε (x) =

(
µi,ε

µ2
i,ε + andg (xi,ε, x)

2

)n−2
2

.

Thanks to (1.1) and (1.3), we also have that Struwe’s H2
1 -description

holds with the bubbles of the theorem (see section 6.3 of [12]). Namely,
we have that

(1.5) uε = u0 +
N∑

i=1

ϕi,ε +Rε

with ‖Rε‖H2
1 (M) → 0 as ε → 0. In the following, we shall always consider

that the concentration points are ordered such that

(1.6) µ1,ε ≤ µ2,ε ≤ · · · ≤ µN,ε.

As a last remark, note that standard elliptic theory leads thanks to (1.3)
to the following if u0 ≡ 0:

(1.7) lim
ε→0

µ
1−n

2
N,ε uε = a

−n−2
2

n (n− 2)ωn−1

N∑
i=1

(
lim
ε→0

µi,ε

µN,ε

)n−2
2

G0 (xi, . )

in C2
loc (M\S), S and xi as in (1.2).

We derive now from (1.3) an asymptotic estimate (Claim 1 below)
we will often use in the sequel. We first set up some notations. We let
j ∈ {1, . . . , N} and we let (δε) be a sequence of positive real numbers
converging to 0 as ε → 0. We set

(1.8) A (j, δε) =
{
i ∈ {1, . . . , N} s.t. dg (xi,ε, xj,ε) = O (δε)

}
.

Note that j ∈ A (j, δε). For i ∈ A (j, δε), we let

(1.9) zi = lim
ε→0

1
δε

exp−1
xj,ε

(xi,ε)



406 o. druet

where the limits are assumed to exist (this is always true after passing
to a subsequence). We set

(1.10) Σ (j, δε) =
{
zi, i ∈ A (j, δε)

}
.

We let also

(1.11) λε (j, δε) =

(
sup

i∈A(j,δε)
µi,ε

)1−n
2

δn−2
ε

and

c (j, δε) =
∑

k �∈A(j,δε)

(
lim
ε→0

λε (j, δε)ϕk,ε (xj,ε)
)
S0 (xk, xj)(1.12)

+ lim
ε→0

(
λε (j, δε)u0 (xj)

)

and for k ∈ A (j, δε),

(1.13) λk (j, δε) = a
−n−2

2
n lim

ε→0

(
λε (j, δε) δ2−n

ε µ
n
2
−1

k,ε

)
.

In (1.12), we assume that the limits do exist but they may be equal to
+∞. By convention, we say that limε→0

(
λε (j, δε)u0 (xj)

)
= 0 if u0 ≡ 0.

We prove the following:

Claim 1. Let j ∈ {1, . . . , N} and let (δε) be a sequence of positive
real numbers converging to 0 as ε → 0. We assume that the following
holds:

(H1) λε (j, δε) δ
1−n

2
ε → +∞ as ε → 0.

(H2) c (j, δε) < +∞.
Then, after passing to a subsequence, we have that

lim
ε→0

λε (j, δε)uε

(
expxj,ε

(δεz)
)
= H (z)

in C2
loc

(
R

n\Σ (j, δε)
)
where

H (z) =
∑

k∈A(j,δε)

λk (j, δε)
|z − zk|n−2

+ c (j, δε) .

All the notations of this claim were introduced in (1.8)-(1.13).
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Proof. Let j ∈ {1, . . . , N} and let (δε)ε>0 be a sequence of positive
real numbers converging to 0 as ε → 0. Assume that assumptions
(H1) and (H2) of Claim 1 hold. We let 0 < δ <

ig(M)
2 and we set for

z ∈ B0

(
δδ−1

ε

)
, the Euclidean ball of center 0 and radius δδ−1

ε ,

wε (z) = δ
n
2
−1

ε uε

(
expxj,ε

(δεz)
)

and(1.14)

gε (z) = exp�
xj,ε

g (δεz) .

Since δε → 0 as ε → 0, we have that

(1.15) lim
ε→0

gε = ξ in C2
loc (R

n) .

Note also that gε is controled on both sides by ξ in the sense of bilinear
forms. Since uε verifies Equation (Eε), we have that wε verifies

(1.16) ∆gεwε + δ2εhε

(
expxj,ε

(δεz)
)
wε = w2�−1

ε

in B0

(
δδ−1

ε

)
. We claim that for any R > 0, there exists CR > 0 inde-

pendent of ε such that

(1.17) λε (j, δε) δ
1−n

2
ε ‖wε‖L∞

(
B0(R)\∪k∈A(j,δε)Bzk( 1

R)
) ≤ CR

for all ε > 0 where A (j, δε) is as defined in (1.8), zk is as in (1.9) and
λε (j, δε) is as in (1.11). In order to prove (1.17), we let R > 0 and
we let (zε) be a sequence of points in B0 (R) \ ∪k∈A(j,δε) Bzk

(
1
R

)
. After

passing to a subsequence, we may assume that limε→0 zε = z0. We let
xε = expxj,ε

(δεzε) and we write thanks to (1.3) and (1.14) that

λε (j, δε) δ
1−n

2
ε wε (zε) =λε (j, δε)u0 (xε)

(
1 + o (1)

)
+ λε (j, δε)

N∑
i=1

(
S0 (xk, xj) + o (1)

)
ϕk,ε (xε) .

(1.18)

Thanks to (1.12) and to assumption (H2), we have that, up to a subse-
quence,

(1.19) lim
ε→0

λε (j, δε)u0 (xε) = lim
ε→0

(
λε (j, δε)u0 (xj)

)
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where this limit is finite and is by convention equal to 0 if u0 ≡ 0. Let
k ∈ A (j, δε). By (1.11), we have that(

µk,ε

δε

)n
2
−1

≤ δ
n
2
−1

ε λε (j, δε)
−1

which leads thanks to (H1) to µk,ε = o (δε). For ε > 0 small enough, we

have thanks to (1.15) that dg (xε, xk,ε) ≥ 1
2Rδε so that

dg(xε,xk,ε)
µk,ε

→ +∞
as ε → 0. This leads with (1.4) to

λε (j, δε)ϕk,ε (xε) =
[
a
−n−2

2
n + o (1)

]
λε (j, δε)µ

n
2
−1

k,ε dg (xε, xk,ε)
2−n

= λk (j, δε) |z0 − zk|2−n + o (1)

where λk (j, δε) is defined by (1.13) and is finite thanks to (1.11). Since
k ∈ A (j, δε) and δε → 0 as ε → 0, we clearly have that xk = xj so that
S0 (xk, xj) = 1. Thus we have obtained that

for any k ∈ A (j, δε) ,

lim
ε→0

λε (j, δε)
(
S0 (xk, xj) + o (1)

)
ϕk,ε (xε) = λk (j, δε) |z0 − zk|2−n .

(1.20)

Let now k �∈ A (j, δε). Since dg (xj,ε, xε) = O (δε) and
dg(xj,ε,xk,ε)

δε
→ +∞

as ε → 0, we have that

lim
ε→0

dg (xε, xk,ε)
dg (xj,ε, xk,ε)

= 1

so that

lim
ε→0

ϕk,ε (xε)
ϕk,ε (xj,ε)

= 1.

Thus we obtain that for any k �∈ A (j, δε),

lim
ε→0

λε (j, δε)ϕk,ε (xε) = lim
ε→0

λε (j, δε)ϕk,ε (xj,ε)

which does exist, after passing to a subsequence, and is finite thanks
to (H2). Combining (1.18) with (1.19), (1.20) and this last relation, we
get that

lim
ε→0

λε (j, δε) δ
1−n

2
ε wε (zε) = H (z0)

where H is as in Claim 1. In particular (1.17) is proved. Standard
elliptic theory permits then to conclude thanks to (1.14) − (1.17) that
Claim 1 holds. q.e.d.
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2. Estimating the distance between bubbles

For any j ∈ {1, . . . , N}, we set

(2.1) Aj =
{
i �= j s.t. µj,ε = O (µi,ε)

}
and
(2.2)

r2j,ε =


min
i∈Aj

(
µj,ε

µi,ε
dg (xi,ε, xj,ε)

2 + µi,εµj,ε

)
if u0 ≡ 0

min
{
min
i∈Aj

(
µj,ε

µi,ε
dg (xi,ε, xj,ε)

2 + µi,εµj,ε

)
;µj,ε

}
if u0 �≡ 0.

If Aj = ∅ (which is possible only for j = N) and u0 ≡ 0, we let rj,ε = 1
for all ε > 0. Note that, thanks to (1.1),

(2.3) lim
ε→0

rj,ε

µj,ε
= +∞ for all j ∈ {1, . . . , N} .

The aim of this section is to get an estimate of rj,ε in terms of µj,ε. If
rj,ε does not converge to 0 as ε → 0, we say that (xj,ε, µj,ε) is an almost
isolated concentration point. We deal with almost isolated concentra-
tion points in Section 3. We treat in the following claim the case when
rj,ε → 0 as ε → 0:

Claim 2. If n = 3, there exists δ0 > 0 such that lim infε→0 rj,ε ≥
δ0 for all j ∈ {1, . . . , N}. In other words, the concentration points
are isolated in dimension n = 3. Assume now that n ≥ 4. Let j ∈
{1, . . . , N} be such that rj,ε → 0 as ε → 0. Then the following assertions
hold:

(i) After passing to a subsequence, we have that

lim
ε→0

rn−2
j,ε µ

1−n
2

j,ε uε

(
expxj,ε

(rj,εz)
)
= a

−n−2
2

n

(
1

|z|n−2
+ hj (z)

)
in C2

loc (R
n\Σj) where

Σj =
{
zj,k, k ∈ Bj

} ∪ {0} ,

Bj =
{
k �= j, dg (xj,ε, xk,ε) = O (rj,ε)

}
and

zj,k = lim
ε→0

1
rj,ε

exp−1
xj,ε

(xk,ε) , k ∈ Bj
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and where
hj (z) =

∑
k∈Aj∩Bj

λj,k

|z − zj,k|n−2
+ cj

with

λj,k =
(
lim
ε→0

µk,ε

µj,ε

)n
2
−1

and

a
−n−2

2
n cj =

∑
k∈Aj\Bj

S0 (xk, xj) lim
ε→0

(
rn−2
j,ε µ

1−n
2

j,ε ϕk,ε (xj,ε)
)

+ lim
ε→0

(
rn−2
j,ε µ

1−n
2

j,ε u0 (xj)
)

.

(ii) We have that

(
h0 (xj)− C(4)Sg (xj) + o (1)

)
r2j,ε ln

(
1

µj,ε

)
= 2hj (0)

when n = 4 and that(
h0 (xj)− C(n)Sg (xj) + o (1)

)
rn−2
j,ε µ4−n

j,ε

= a2−n
n K

n
2
n
(n− 2)2 (n− 4)

8 (n− 1)
ωn−1hj (0)

when n ≥ 5. Here, C(n) = n−2
4(n−1) and an = 1

n(n−2) . Moreover,

hj (0) > 0.

(iii) If h0 (xj) > C(n)Sg (xj), we have that ∇hj (0) = 0.

Proof. Let j ∈ {1, . . . , N} be such that

(2.4) lim
ε→0

rj,ε = 0.

We want to apply Claim 1 to (j, rj,ε). We let Bj be as in Claim 2 so
that Bj ∪ {j} = A (j, rj,ε), A (j, rj,ε) as in (1.8). We verify that the
assumptions of Claim 1 are satisfied by (j, rj,ε). First, by (2.4), rj,ε → 0
as ε → 0. Let k ∈ Aj∩Bj . Then we have that dg (xj,ε, xk,ε) = O (rj,ε) so
that, using (1.1), (2.1) and (2.2), we obtain that µk,ε = O (µj,ε). Thus

(2.5) for any k ∈ Aj ∩ Bj , µk,ε = O (µj,ε) .
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If k �∈ Aj , by the definition (2.1) of Aj , we have that µk,ε = o (µj,ε).
Thus for any k ∈ Bj , µk,ε = O (µj,ε). This gives that there exists C > 0
such that

(2.6) C ≤ λε (j, rj,ε)µ
n
2
−1

j,ε r2−n
j,ε ≤ 1

for all ε > 0 where λε (j, rj,ε) is defined by (1.11). By (2.3), we thus get
that

lim
ε→0

λε (j, rj,ε) r
1−n

2
j,ε = +∞

so that assumption (H1) of Claim 1 is satisfied. Let k �∈ Bj , k �= j, that
is k ∈ {1, . . . , N} such that

dg (xk,ε, xj,ε)
rj,ε

→ +∞ as ε → 0.

We write thanks to (1.4) and (2.6) that

(
λε (j, rj,ε)ϕk,ε (xj,ε)

) 2
n−2 ≤ r2j,ε

µj,ε

µk,ε

µ2
k,ε + andg (xj,ε, xk,ε)

2 .

If k ∈ Aj , we get then by (2.2) that λε (j, rj,ε)ϕk,ε (xj,ε) = O (1). If
k �∈ Aj , then µk,ε = o (µj,ε) and we write that

(
λε (j, rj,ε)ϕk,ε (xj,ε)

) 2
n−2 ≤ 1

an

µk,ε

µj,ε

r2j,ε

dg (xk,ε, xj,ε)
2 = o (1)

since k �∈ Bj , k �= j. If u0 �≡ 0, then r2j,ε ≤ µj,ε by (2.2) so that (2.6)
gives that λε (j, rj,ε) ≤ 1. We have thus proved thanks to (1.12) that
assumption (H2) of Claim 1 holds. Applying Claim 1 to (j, rj,ε), we get
that assertion (i) of Claim 2 holds for j thanks to (2.5) and (2.6). In
order to compute cj , note that, as just proved, if k �∈ Aj , k �∈ Bj , k �= j,

then rn−2
j,ε µ

1−n
2

j,ε ϕk,ε (xj,ε) → 0 as ε → 0. We claim now that

(2.7) hj (0) > 0.

Let us prove this claim. If Aj = ∅, then rj,ε = 1 if u0 ≡ 0, a situation
which is excluded by (2.4). If u0 �≡ 0 and r2j,ε = µj,ε, we have that

cj ≥ a
n−2

2
n u0 (xj) > 0
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so that hj (0) > 0. Assume now that Aj �= ∅ and that there exists
k ∈ Aj such that

r2j,ε =
µj,ε

µk,ε
dg (xj,ε, xk,ε)

2 + µj,εµk,ε.

If k ∈ Bj , then hj (0) > 0 since, by (2.1), λj,i > 0 for all i ∈ Aj ∩ Bj . If
k �∈ Bj , we write thanks to (1.4) that

(
rn−2
j,ε µ

1−n
2

j,ε ϕk,ε (xj,ε)
) 2

n−2 =
µ2

k,ε + dg (xj,ε, xk,ε)
2

µ2
k,ε + andg (xj,ε, xk,ε)

2 ≥ 1

so that hj (0) > 0 in this last case. Relation (2.7) is proved. Note that
(2.7) is the second part of assertion ii) for i = j.

Let us set

(2.8) Cj =
{
k ∈ Bj s.t. zj,k = 0

}
where zj,k is as in Claim 2. Let k ∈ Cj . If k �∈ Aj , then µk,ε = o (µj,ε)
and if k ∈ Aj , it follows from (1.1), (2.2) and (2.8) that µk,ε = o (µj,ε)
also. Thus

(2.9) µk,ε = o (µj,ε) for all k ∈ Cj .

We let

(2.10) s2j,k,ε =
µk,ε

µj,ε
dg (xk,ε, xj,ε)

2 + µj,εµk,ε

for k ∈ Cj . Note that, by (2.3), (2.8) and (2.9), we have that

(2.11) sj,k,ε = o (rj,ε) for all k ∈ Cj .

We let now Dj be a subset of Cj and (Rk)k∈Dj
be a sequence of positive

real numbers such that

(2.12) for any k, k′ ∈ Dj , k �= k′,
dg

(
xk,ε, xk′,ε

)
sj,k,ε

→ +∞ as ε → 0

and such that

for any k′ ∈ Cj , ∃ a unique k ∈ Dj such that(2.13)

lim sup
ε→0

dg

(
xk,ε, xk′,ε

)
sj,k,ε

≤ Rk

10
and lim sup

ε→0

sj,k′,ε

sj,k,ε
≤ Rk

10
.
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We claim that there exists C > 0 independent of ε such that for any
k ∈ Dj ,

for any x ∈ Bxk,ε
(Rksj,k,ε) \Bxk,ε

(
Rk

4
sj,k,ε

)
,(2.14)

|∇uε|g(x) ≤ Cµ
n
2
−1

k,ε s1−n
j,k,ε, uε(x) ≤ Cµ

n
2
−1

k,ε s2−n
j,k,ε .

The proof of this claim is based on Claim 1. We check that we can
apply Claim 1 to (k, sj,k,ε) for k ∈ Dj . First, by (2.4) and (2.11), it
is clear that sj,k,ε → 0 as ε → 0. Let i ∈ A (k, sj,k,ε), that is i ∈
{1, . . . , N} such that dg (xi,ε, xk,ε) = O (sj,k,ε). Since dg (xi,ε, xj,ε) ≤
dg (xi,ε, xk,ε) + dg (xk,ε, xj,ε), we get thanks to (2.8) and (2.11) that i ∈
Cj . By (2.13), we then have that sj,i,ε = O (sj,k,ε). By (1.1), (2.9)
and (2.10), dg (xi,ε, xk,ε) = O (sj,k,ε) = o

(
dg (xj,ε, xk,ε)

)
. This leads

thanks to the definition (2.10) of sj,i,ε and sj,k,ε to µi,ε = O (µk,ε). Thus
µi,ε = O (µk,ε) for all i ∈ A (k, sj,k,ε). This gives the existence of some
C > 0 such that

(2.15) C ≤ λε (k, sj,k,ε)µ
n
2
−1

k,ε s2−n
j,k,ε ≤ 1

where λε (k, sj,k,ε) is defined by (1.11). This implies in particular that

λε (k, sj,k,ε) s
1−n

2
j,k,ε ≥ C

(
s2j,k,ε

µ2
k,ε

)n−2
4

≥ C

(
dg (xj,ε, xk,ε)

2

µk,εµj,ε

)n−2
4

so that λε (k, sj,k,ε) s
1−n

2
j,k,ε → +∞ as ε → 0 thanks to (1.1). This proves

that assumption (H1) of Claim 1 holds for (k, sj,k,ε). Let i �∈ A (k, sj,k,ε),
that is i ∈ {1, . . . , N} such that

dg (xi,ε, xk,ε)
sj,k,ε

→ +∞ as ε → 0.

In order to estimate
(
λε (k, sj,k,ε)ϕi,ε (xk,ε)

)
, we write thanks to (1.4)

and (2.15) that

(2.16)
(
λε (k, sj,k,ε)ϕi,ε (xk,ε)

) 2
n−2 ≤ s2j,k,ε

µk,ε

µi,ε

µ2
i,ε + andg (xi,ε, xk,ε)

2 .

We distinguish several cases. First, assume that i ∈ Cj . Then, by (2.12),

(2.13) and thanks to the fact that
dg(xi,ε,xk,ε)

sj,k,ε
→ +∞ as ε → 0, we get
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that

(2.17)
dg (xk,ε, xi,ε)

sj,i,ε
→ +∞ as ε → 0.

This gives that

dg (xi,ε, xk,ε)
2

µ2
i,ε

=
dg (xk,ε, xi,ε)

2

s2j,i,ε

(
dg (xi,ε, xj,ε)

2

µi,εµj,ε
+

µj,ε

µi,ε

)
→ +∞ as ε → 0

thanks to (1.1). Thus (2.16) becomes in this case

(
λε (k, sj,k,ε)ϕi,ε (xk,ε)

) 2
n−2 = O

(
µi,ε

µk,ε

s2j,k,ε

dg (xi,ε, xk,ε)
2

)
.

We write now thanks to (2.10) that

s2j,k,ε ≤ 2
µk,ε

µj,ε

(
dg (xi,ε, xk,ε)

2 + dg (xi,ε, xj,ε)
2
)
+ µj,εµk,ε

so that we get that(
λε (k, sj,k,ε)ϕi,ε (xk,ε)

) 2
n−2

= O

(
µi,ε

µj,ε

)
+O

(
µi,ε

µj,ε

dg (xi,ε, xj,ε)
2

dg (xi,ε, xk,ε)
2 +

µi,εµj,ε

dg (xi,ε, xk,ε)
2

)

= O

(
µi,ε

µj,ε

)
+O

(
s2j,i,ε

dg (xi,ε, xk,ε)
2

)
= o (1)

since i ∈ Cj and thanks to (2.9) and (2.17). Second, assume that i = j.
In this case, (2.16) becomes

(
λε (k, sj,k,ε)ϕi,ε (xk,ε)

) 2
n−2 ≤ µ2

j,ε + dg (xj,ε, xk,ε)
2

µ2
j,ε + andg (xj,ε, xk,ε)

2 ≤ n(n− 2).

Third, assume that i �∈ Cj and that i ∈ Aj . Then we write with (2.16)
that (

λε (k, sj,k,ε)ϕi,ε (xk,ε)
) 2

n−2

≤
(

dg (xj,ε, xk,ε)
2

µj,ε
+ µj,ε

)
µi,ε

µ2
i,ε + andg (xi,ε, xk,ε)

2 .
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Since i �∈ Cj and i �= j, we have by (2.8) that

dg (xi,ε, xk,ε) =
(
1 + o (1)

)
dg (xi,ε, xj,ε) .

Since k ∈ Cj , we also have that dg (xj,ε, xk,ε) = o (rj,ε). Since i ∈ Aj ,
this leads with (2.1) and (2.2) to

(
λε (k, sj,k,ε)ϕi,ε (xk,ε)

) 2
n−2 = O

µ2
i,ε + dg (xj,ε, xi,ε)

2

µ2
i,ε +

dg(xi,ε,xj,ε)
2

n(n−2)

 = O (1) .

At last, assume that i �∈ Cj , i �∈ Aj and i �= j. Since i �∈ Cj and i �= j,
we have as above that

dg (xi,ε, xk,ε) =
(
1 + o (1)

)
dg (xi,ε, xj,ε) .

Since i �∈ Aj , i �= j, we know that µi,ε = o (µj,ε) so that, by (1.1),
dg(xi,ε,xj,ε)

µi,ε
→ +∞ as ε → 0. Thus (2.16) becomes in this case

(
λε (k, sj,k,ε)ϕi,ε (xk,ε)

) 2
n−2

= O

(
µi,ε

µj,ε

dg (xj,ε, xk,ε)
2

dg (xi,ε, xj,ε)
2

)
+O

(
µi,εµj,ε

dg (xi,ε, xj,ε)
2

)
= o (1)

since µi,ε = o (µj,ε) and i �∈ Cj , i �= j, and thanks to (1.1). Thus we
have proved that

for any i �∈ A (k, sj,k,ε) , λε (k, sj,k,ε)ϕi,ε (xk,ε) = O (1) .

Assume that u0 �≡ 0. Then we can write thanks to (2.10) and (2.15)
that

λε (k, sj,k,ε)
2

n−2 ≤ s2j,k,ε

µk,ε
≤ dg (xj,ε, xk,ε)

2

µj,ε
+ µj,ε

= o

(
r2j,ε
µj,ε

)
+ o (1) = o (1)

using (2.2) and (2.8). Thus assumption (H2) of Claim 1 is verified by
(k, sj,k,ε). We can apply Claim 1. This proves (2.14) thanks to the



416 o. druet

choice of Rk we made. Indeed, by (2.11), any i ∈ A (k, sj,k,ε) belongs to
Cj and by (2.13), we get then that

Σ (k, sj,k,ε) ⊂ B0

(
Rk

5

)
.

This clearly ends the proof of (2.14) thanks to (2.15).

We let now η : [0,+∞[ �→ R be a smooth function verifying that
0 ≤ η ≤ 1, η ≡ 1 on

[
0, 14
]
and η ≡ 0 on

[
1
2 ,+∞[. We set

(2.18) σj,ε =
∏

k∈Dj

(
1− η

(
dg (xk,ε, .)
Rksj,k,ε

))
and vj,ε = σj,εuε.

We claim that there exists C > 0 independent of ε such that

(2.19) vj,ε ≤ Cϕj,ε in Bxj,ε (δjrj,ε)

where δj ∈ R
�
+ is fixed such that

(2.20) δj ≤ 1
2
min
{|zj,k|, k ∈ Bj\Cj , k �= j

}
.

It is possible to find such a δj thanks to (2.8). The proof of (2.19) is
based on (1.3) which gives that there exists C > 0 independent of ε
such that

uε (x)
ϕj,ε (x)

≤ C

1 +
‖u0‖∞
ϕj,ε (x)

+
∑
k �=j

ϕk,ε (x)
ϕj,ε (x)


for all x ∈ Bxj,ε (δjrj,ε). As well as rj,ε and δj have been chosen so that

‖u0‖∞
ϕj,ε (x)

+
∑
k �∈Cj

ϕk,ε (x)
ϕj,ε (x)

≤ C

for all x ∈ Bxj,ε (δjrj,ε) for some C > 0 independent of ε (see the proof
that the assumptions of Claim 1 hold for (j, rj,ε)), it is easily checked
that sj,k,ε has been defined so that

ϕk,ε (x)
ϕj,ε (x)

≤ C

for all x ∈ M\Bxk,ε

(
Rk
4 sj,k,ε

)
. These two assertions, whose proofs are

left to the reader, imply (2.19).
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We set

Λj,ε =
{
(y, ν, θ) ∈ M × R

�
+ × R s.t.(2.21)

dg (xj,ε, y) ≤ µj,ε ,
1
2
≤ ν

µj,ε
≤ 2 , −1

2
≤ θ ≤ 1

2

}
and we let (yj,ε, νj,ε, θj,ε) ∈ Λj,ε be such that

(2.22) Jj,ε (yj,ε, νj,ε, θj,ε) = min
(y,ν,θ)∈Λj,ε

Jj,ε (y, ν, θ)

where

Jj,ε (y, ν, θ) =
∫

M

∣∣∣∣∇(η(dg (y, .)
2δjrj,ε

)(
vj,ε − (1 + θ)ψy,ν

))∣∣∣∣2
g

dvg

with

(2.23) ψy,ν (x) =

(
ν

ν2 + andg (x, y)
2

)n−2
2

.

We claim first that

(2.24) Jj,ε (yj,ε, νj,ε, θj,ε) → 0 as ε → 0.

In order to prove (2.24), we first note that (xj,ε, µj,ε, 0) ∈ Λj,ε so that

Jj,ε (yj,ε, νj,ε, θj,ε) ≤ Jj,ε (xj,ε, µj,ε, 0) .

We write now that

Jj,ε (xj,ε, µj,ε, 0) =
∫

M

∣∣∣∣∇(η(dg (xj,ε, .)
2δjrj,ε

)
(vj,ε − ϕj,ε)

)∣∣∣∣2
g

dvg

≤ C

r2j,ε

∫
Bxj,ε (δjrj,ε)\Bxj,ε

(
δj
2

rj,ε

) (vj,ε − ϕj,ε)
2 dvg

+C

∫
Bxj,ε (δjrj,ε)

∣∣∇(vj,ε − ϕj,ε

)∣∣2
g
dvg

where C > 0 is some constant independent of ε. Thanks to (2.3) and
(2.19), it is easily checked that

lim
ε→0

1
r2j,ε

∫
Bxj,ε (δjrj,ε)\Bxj,ε

(
δj
2

rj,ε

) (vj,ε − ϕj,ε)
2 dvg = 0
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so that we obtain that

(2.25) Jj,ε (yj,ε, νj,ε, θj,ε) = O

(∫
Bxj,ε (δjrj,ε)

|∇ (vj,ε − ϕj,ε)|2g dvg

)
.

We write with (1.5) that

∫
Bxj,ε (δjrj,ε)

|∇ (vj,ε − ϕj,ε)|2g dvg

(2.26)

≤ C

∫
Bxj,ε (δjrj,ε)

∣∣∇((σj,ε − 1)ϕj,ε

)∣∣2
g
dvg

+ C
∑
i�=j

∫
Bxj,ε (δjrj,ε)

|∇ (σj,εϕi,ε)|2g dvg

+ C

∫
Bxj,ε (δjrj,ε)

|∇ (σj,εu0)|2g dvg + C

∫
Bxj,ε (δjrj,ε)

|∇ (σj,εRε)|2g dvg.

with ‖Rε‖H2
1 (M) → 0 as ε → 0. We write that∫

Bxj,ε (δjrj,ε)
|∇ (σj,εRε)|2g dvg

= O

(∫
Bxj,ε (δjrj,ε)

|∇σj,ε|2g R2
ε dvg

)

+O

(∫
Bxj,ε (δjrj,ε)

|∇Rε|2g σ2
j,ε dvg

)

= O

(∫
Bxj,ε (δjrj,ε)

|∇σj,ε|2g R2
ε dvg

)
+ o (1)

since Rε → 0 in H2
1 (M) as ε → 0. Thanks to (2.12) and (2.18), we have

that ∫
Bxj,ε (δjrj,ε)

|∇σj,ε|2gR2
ε dvg

= O

∑
k∈Dj

1
s2j,k,ε

∫
Bxk,ε( 1

2
Rksj,k,ε)

R2
ε dvg


= O

∑
k∈Dj

1
s2j,k,ε

Volg

(
Bxk,ε

(
1
2
Rksj,k,ε

)) 2
n

‖Rε‖22�


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with Hölder’s inequalities. By Sobolev’s inequalities, since Rε → 0 in
H2

1 (M) as ε → 0, we finally obtain that

(2.27)
∫

Bxj,ε (δjrj,ε)
|∇ (σj,εRε)|2g dvg = o (1) .

In the same way, it is easily checked thanks to (2.12), (2.18) and to the
fact that we assumed (2.4) that

(2.28)
∫

Bxj,ε (δjrj,ε)
|∇ (σj,εu0)|2g dvg = o (1) .

Let now i ∈ {1, . . . , N}, i �= j. We write thanks to (2.12) and (2.18)
that ∫

Bxj,ε (δjrj,ε)
|∇ (σj,εϕi,ε)|2g dvg

= O

∑
k∈Dj

1
s2j,k,ε

∫
Bxk,ε( 1

2
Rksj,k,ε)\Bxk,ε( 1

4
Rksj,k,ε)

ϕ2
i,ε dvg


+O

(∫
Bxj,ε (δjrj,ε)\∪k∈Dj

Bxk,ε( 1
4
Rksj,k,ε)

|∇ϕi,ε|2g dvg

)

= O

(∫
Bxj,ε (δjrj,ε)\∪k∈Dj

Bxk,ε( 1
4
Rksj,k,ε)

ϕ2�

i,ε dvg

) 2
2�


+O

(∫
Bxj,ε (δjrj,ε)\∪k∈Dj

Bxk,ε( 1
4
Rksj,k,ε)

|∇ϕi,ε|2g dvg

)
.

If i ∈ Cj , (1.1) and (2.10) give that sj,i,ε

µi,ε
→ +∞ as ε → 0 so that, by

(2.12) and (2.13), we have that

Bxi,ε (Rµi,ε) ⊂
⋃

k∈Dj

Bxk,ε

(
1
4
Rksj,k,ε

)

for all R > 0 as soon as ε is small enough. Direct computations give
then that∫

Bxj,ε (δjrj,ε)\∪k∈Dj
Bxk,ε( 1

4
Rksj,k,ε)

(
ϕ2�

i,ε + |∇ϕi,ε|2g
)

dvg = o (1) .
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If i �∈ Cj , direct computations, distinguishing whether i ∈ Aj or not,
give the same result thanks to (1.1), (2.1), (2.2) and (2.20). Thus we
have that for any i ∈ {1, . . . , N}, i �= j,

(2.29)
∫

Bxj,ε (δjrj,ε)
|∇ (σj,εϕi,ε)|2g dvg = o (1) .

At last, we write thanks to (2.12) and (2.18) that∫
Bxj,ε (δjrj,ε)

∣∣∇((σj,ε − 1)ϕj,ε

)∣∣2
g
dvg

= O

∑
k∈Dj

1
s2j,k,ε

∫
Bxk,ε

(
Rk
2

sj,k,ε

) ϕ2
j,ε dvg


+O

∑
k∈Dj

∫
Bxk,ε

(
Rk
2

sj,k,ε

) |∇ϕj,ε|2g dvg

 .

By (1.1), (2.9) and (2.10), we have that

dg (xk,ε, xj,ε)
sj,k,ε

→ +∞ as ε → 0

so that

ϕ2
j,ε = O

µ2−n
j,ε

(
1 +

dg (xj,ε, xk,ε)
2

µ2
j,ε

)2−n
 and

|∇ϕj,ε|2g = O

(
µ−n

j,ε

dg (xj,ε, xk,ε)
2

µ2
j,ε

(
1 +

dg (xj,ε, xk,ε)
2

µ2
j,ε

)−n)

in Bxk,ε

(
Rk
2 sj,k,ε

)
for all k ∈ Dj . Thus we have that∫

Bxj,ε (δjrj,ε)

∣∣∇((σj,ε − 1)ϕj,ε

)∣∣2
g
dvg

= O

∑
k∈Dj

(
sj,k,ε

µj,ε

)n−2
(
1 +

dg (xj,ε, xk,ε)
2

µ2
j,ε

)2−n


+O

∑
k∈Dj

(
sj,k,ε

µj,ε

)n dg (xj,ε, xk,ε)
2

µ2
j,ε

(
1 +

dg (xj,ε, xk,ε)
2

µ2
j,ε

)−n
 .
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By (2.9) and (2.10), we have that for any k ∈ Dj ,

sj,k,ε

µj,ε
= o

(
dg (xj,ε, xk,ε)

µj,ε

)
+ o (1) .

This easily leads to∫
Bxj,ε (δjrj,ε)

∣∣∇((σj,ε − 1)ϕj,ε

)∣∣2
g
dvg = o (1) .

Coming back to (2.26) with (2.27) − (2.29) and this last relation, we
obtain that

(2.30) lim
ε→0

∫
Bxj,ε (δjrj,ε)

|∇ (vj,ε − ϕj,ε)|2g dvg = 0.

Thanks to (2.25), this proves (2.24). Let us prove now that

(2.31) lim
ε→0

θj,ε = 0 , lim
ε→0

µj,ε

νj,ε
= 1 and lim

ε→0

dg (xj,ε, yj,ε)
µj,ε

= 0.

Note that, by the definition (2.21) of Λj,ε, all these limits exist after
passing to a subsequence. We write that

Jj,ε (yj,ε, νj,ε, θj,ε) =
∫

M

∣∣∣∇(ηj,ε

(
vj,ε − (1 + θj,ε)ψj,ε

))∣∣∣2
g
dvg

where

ηj,ε = η

(
dg (yj,ε, . )
2δjrj,ε

)
and ψj,ε = ψyj,ε,νj,ε .

Then we write that

Jj,ε (yj,ε, νj,ε, θj,ε) = ‖∇ (ηj,εvj,ε) ‖22 + (1 + θj,ε)
2 ‖∇ (ηj,εψj,ε) ‖22

− 2 (1 + θj,ε)
∫

M

(∇ (ηj,εvj,ε) ,∇ (ηj,εψj,ε)
)
g
dvg.

(2.32)

This leads in particular to

Jj,ε (yj,ε, νj,ε, θj,ε) ≥
(‖∇ (ηj,εvj,ε) ‖2 − (1 + θj,ε) ‖∇ (ηj,εψj,ε) ‖2

)2
.

Thanks to (2.3), (2.19) and (2.30), it is easily checked by direct com-
putations that limε→0 ‖∇ (ηj,εvj,ε) ‖2 = K

−n
4

n . Independently, direct
computations give thanks to (2.3) and to the definition (2.21) of Λj,ε
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that ‖∇ (ηj,εψj,ε) ‖2 → K
−n

4
n as ε → 0. By (2.24), the above relation

then gives that θj,ε → 0 as ε → 0. Coming back to (2.32), we then get
that

lim
ε→0

∫
M

(∇ (ηj,εvj,ε) ,∇ (ηj,εψj,ε)
)
g
dvg = K

−n
2

n

which leads in turn thanks to (2.19) and (2.30) to

lim
ε→0

∫
M

(∇ (ηj,εϕj,ε) ,∇ (ηj,εψj,ε)
)
g
dvg = K

−n
2

n .

But this last relation is easily seen to be possible if and only if µj,ε

νj,ε
→ 1

and dg(xj,ε,yj,ε)
µj,ε

→ 0 as ε → 0. This ends the proof of (2.31).

Let 0 < δ <
ig(M)

2 . We set for x ∈ B0

(
δr−1

j,ε

)
, the Euclidean ball of

center 0 and radius δr−1
j,ε ,

gj,ε (x) = exp�
yj,ε

g (rj,εx) ,(2.33)

uj,ε (x) = r
n
2
−1

j,ε uε

(
expyj,ε

(rj,εx)
)
,

hj,ε (x) = hε

(
expyj,ε

(rj,εx)
)
,

σ̃j,ε (x) = σj,ε

(
expyj,ε

(rj,εx)
)

and

ṽj,ε (x) = σ̃j,ε (x)uj,ε (x) = r
n
2
−1

j,ε vj,ε

(
expyj,ε

(rj,εx)
)
.

By (2.4), we know that

(2.34) lim
ε→0

gj,ε = ξ in C4
loc (R

n) .

Note also that gj,ε is controled on both sides by the Euclidean metric in
the sense of bilinear forms. Since uε verifies Equation (Eε), uj,ε verifies

(2.35) ∆gj,εuj,ε + r2j,εhj,εuj,ε = u2
�−1

j,ε

in B0

(
δr−1

j,ε

)
. Independently, using (2.3), (2.31) and (2.33), one gets

since assertion (i) of Claim 2 holds for i = j, as proved above, that

(2.36) lim
ε→0

(
rj,ε

νj,ε

)n
2
−1

uj,ε = a
−n−2

2
n

(
1

|z|n−2
+ hj (z)

)



from one bubble to several bubbles 423

in C2
loc

(
R

n\Σj

)
where Σj and hj are as in Claim 2. By (2.20), we have

that
Σj ∩B0 (δj) = {0} .

At last, (2.19) together with (2.31) gives the existence of some C > 0
such that for any ε > 0,

(2.37) ṽj,ε (x) ≤ Cψ̃j,ε in B0 (δj)

where

ψ̃j,ε (x) =

(
νj,εrj,ε

ν2j,ε + anr2j,ε|x|2
)n−2

2

.

We write

(2.38) ηj ṽj,ε = (1 + θj,ε) ηjψ̃j,ε + wj,ε

where wj,ε ∈ C∞
c

(
B0 (δj)

)
and

ηj = η

(
.

2δj

)
.

We express (2.22). Differentiating Jj,ε with respect to θ, we obtain that

(2.39)
∫

B0(δj)

(
∇
(
ηjψ̃j,ε

)
,∇wj,ε

)
gj,ε

dvgj,ε = 0.

Differentiating Jj,ε with respect to y, we get thanks to (2.36) and (2.38)
that

(2.40)
∫

B0(δj)

(
∇
(
ηj

∂ψ̃j,ε

∂xi

)
,∇wj,ε

)
gj,ε

dvgj,ε = O

((
νj,ε

rj,ε

)n−2
)

for all i = 1, . . . , n. At last, differentiating Jj,ε with respect to ν, we
obtain thanks to (2.39) that
(2.41)∫

B0(δj)

∇
ηj |x|2

(
1 + an

r2j,ε|x|2
ν2j,ε

)−n
2

 ,∇wj,ε


gj,ε

dvgj,ε = 0.

The aim is now to estimate
∫

B0(δj)
|∇wj,ε|2gj,ε

dvgj,ε . We write first thanks
to (2.38) and (2.39) that∫

B0(δj)
|∇wj,ε|2gj,ε

dvgj,ε =
∫

B0(δj)

(∇wj,ε,∇ (ηj ṽj,ε)
)
gj,ε

dvgj,ε

=
∫

B0(δj)
wj,ε∆gj,ε (ηj ṽj,ε) dvgj,ε .
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Writing thanks to (2.33), (2.35), (2.36) and (2.38) that

wj,ε∆gj,ε (ηj ṽj,ε) = (ηj ṽj,ε)
2�−1 wj,ε − r2j,εhj,ε (ηj ṽj,ε)wj,ε

+O
(
|wj,ε| |∇σ̃j,ε|gj,ε

|∇uj,ε|gj,ε

)
+O

(|wj,ε|
∣∣∆gj,ε σ̃j,ε

∣∣uj,ε

)
+O

((
νj,ε

rj,ε

)n−2
)

+O
(∣∣∣σ̃j,ε − σ̃2�−1

j,ε

∣∣∣u2�−1
j,ε |wj,ε|

)

in B0 (δj), we get that

∫
B0(δj)

|∇wj,ε|2gj,ε
dvgj,ε

(2.42)

=
∫

B0(δj)
(ηj ṽj,ε)

2�−1 wj,ε dvgj,ε − r2j,ε

∫
B0(δj)

hj,ε (ηj ṽj,ε)wj,ε dvgj,ε

+O

(∫
B0(δj)

|wj,ε| |∇σ̃j,ε|gj,ε
|∇uj,ε|gj,ε

dvgj,ε

)

+O

(∫
B0(δj)

|wj,ε|
∣∣∆gj,ε σ̃j,ε

∣∣uj,ε dvgj,ε

)
+O

((
νj,ε

rj,ε

)n−2
)

+O

(∫
B0(δj)

∣∣∣σ̃j,ε − σ̃2�−1
j,ε

∣∣∣u2�−1
j,ε |wj,ε| dvgj,ε

)
.

For any k ∈ Dj , we set

Bj,k,ε =
1
rj,ε

exp−1
yj,ε

(
Bxk,ε

(
Rk

2
sj,k,ε

)
\Bxk,ε

(
Rk

4
sj,k,ε

))
.

Using (2.12), (2.14), (2.18), (2.33), Hölder’s and Sobolev’s inequalities,
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we get that

∫
B0(δj)

|wj,ε| |∇σ̃j,ε|gj,ε
|∇uj,ε|gj,ε

dvgj,ε

= O

∑
k∈Dj

rj,ε

sj,k,ε

∫
Bj,k,ε

|wj,ε| |∇uj,ε|gj,ε
dvgj,ε


= O

∑
k∈Dj

rj,ε

sj,k,ε

r
n
2
j,εµ

n
2
−1

k,ε

sn−1
j,k,ε

∫
Bj,k,ε

|wj,ε| dvgj,ε


= O

∑
k∈Dj

r
n
2
+1

j,ε µ
n
2
−1

k,ε

sn
j,k,ε

‖wj,ε‖2�Volgj,ε (Bj,k,ε)
2�−1
2�


= O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n
2
−1
 ‖∇wj,ε‖2

 .

In the same way, one also gets that

∫
B0(δj)

|wj,ε|
∣∣∆gj,ε σ̃j,ε

∣∣uj,ε dvgj,ε

= O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n
2
−1
 ‖∇wj,ε‖2


and that ∫

B0(δj)

∣∣∣σ̃j,ε − σ̃2�−1
j,ε

∣∣∣u2�−1
j,ε |wj,ε| dvgj,ε

= O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n
2
+1
 ‖∇wj,ε‖2


= o

∑
k∈Dj

(
µk,ε

sj,k,ε

)n
2
−1
 ‖∇wj,ε‖2


since µk,ε = o (sj,k,ε) by (2.9) and (2.10). At last, we write thanks to
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(0.1), (2.33), (2.37), Hölder’s and Sobolev’s inequalities that

r2j,ε

∫
B0(δj)

hj,ε (ηj ṽj,ε)wj,ε dvgj,ε

= O

r2j,ε‖∇wj,ε‖2
(∫

B0(δj)
ψ̃

2�

2�−1

j,ε dvgj,ε

) 2�−1
2�


which leads with direct computations to

r2j,ε

∫
B0(δj)

hj,ε (ηj ṽj,ε)wj,ε dvgj,ε

= o
(‖∇wj,ε‖22

)
+ o

((
νj,ε

rj,ε

)n−2
)

+ o
(
ν3j,ε
)
.

Plugging these estimates into (2.42), we obtain that(
1 + o(1)

) ∫
B0(δj)

|∇wj,ε|2gj,ε
dvgj,ε(2.43)

=
∫

B0(δj)
(ηj ṽj,ε)

2�−1 wj,ε dvgj,ε + o
(
ν3j,ε
)

+O

((
νj,ε

rj,ε

)n−2
)

+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n
2
−1
 ‖∇wj,ε‖2

 .

Relations (2.24) and (2.38) give that

Jj,ε (yj,ε, νj,ε, θj,ε) =
∫

B0(δj)
|∇wj,ε|2gj,ε

dvgj,ε → 0

as ε → 0 so that Hölder’s and Sobolev’s inequalities permit us to write
with (2.38) that∫

B0(δj)
(ηj ṽj,ε)

2�−1 wj,ε dvgj,ε(2.44)

= (1 + θj,ε)
2�−1

∫
B0(δj)

(
ηjψ̃j,ε

)2�−1
wj,ε dvgj,ε

+ (2� − 1) (1 + θj,ε)
2�−2

∫
B0(δj)

(
ηjψ̃j,ε

)2�−2
w2

j,ε dvgj,ε

+ o

(∫
B0(δj)

|∇wj,ε|2gj,ε
dvgj,ε

)
.
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Direct computations give now thanks to (2.36) and to the Cartan ex-
pansion of the metric gj,ε around 0 that

∫
B0(δj)

(
∇wj,ε,∇

(
ηjψ̃j,ε

))
gj,ε

dvgj,ε

=
∫

B0(δj)

(
ηjψ̃j,ε

)2�−1
wj,ε dvgj,ε

+O

(
r2j,ε

∫
B0(δj)

|x|2ψ̃2�−1
j,ε |wj,ε| dvgj,ε

)

+O

(
r2j,ε

∫
B0(δj)

|x|2
∣∣∣∇ψ̃j,ε

∣∣∣ |∇wj,ε| dvgj,ε

)
+O

((
νj,ε

rj,ε

)n−2
)

so that, using (2.39), Hölder’s and Sobolev’s inequalities, we get that

∫
B0(δj)

(
ηjψ̃j,ε

)2�−1
wj,ε dvgj,ε

= O

r2j,ε‖∇wj,ε‖2
(∫

B0(δj)

(
|x|2ψ̃2�−1

j,ε

) 2�

2�−1
dvgj,ε

) 2�−1
2�


+O

r2j,ε‖∇wj,ε‖2
(∫

B0(δj)
|x|4
∣∣∣∇ψ̃j,ε

∣∣∣2
gj,ε

dvgj,ε

) 1
2


+O

((
νj,ε

rj,ε

)n−2
)

.

After simple computations, we finally obtain that

∫
B0(δj)

(
ηjψ̃j,ε

)2�−1
wj,ε dvgj,ε(2.45)

= O

((
νj,ε

rj,ε

)n−2
)

+ o
(
ν3j,ε
)
+ o
(‖∇wj,ε‖22

)
.

Coming back to (2.43) with (2.44) and (2.45), we arrive thanks to (2.31)
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to

(
1 + o (1)

) ∫
B0(δj)

|∇wj,ε|2gj,ε
dvgj,ε(2.46)

= (2� − 1)
∫

B0(δj)

(
ηjψ̃j,ε

)2�−2
w2

j,ε dvgj,ε +O

((
νj,ε

rj,ε

)n−2
)

+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n
2
−1
 ‖∇wj,ε‖2

+ o
(
ν3j,ε
)
.

Let us now consider the following eigenvalue problem:

(2.47)



∆gj,εζi,ε = τi,ε

(
ηjψ̃j,ε

)2�−2
ζi,ε in B0 (δj)

ζi,ε = 0 on ∂B0 (δj)∫
B0(δj)

(
ηjψ̃j,ε

)2�−2
ζi,εζk,ε dvgj,ε = K

−n
2

n δik

with τ1,ε ≤ · · · ≤ τi,ε ≤ . . . . By the result of Appendix 1, we know that

(2.48) lim
ε→0

τi,ε = τi for all i ∈ N
�

and that

(2.49) lim
ε→0

∫
B0(δj)

∣∣∣∇(ζi,ε − ζ̃i,ε

)∣∣∣2
gj,ε

dvgj,ε = 0 for all i ∈ N
�

where

(2.50) ζ̃i,ε =
(
rj,ε

νj,ε

)n
2
−1

ζi

(
rj,ε

νj,ε
x

)
with (ζi, τi) the solutions of the following eigenvalue problem:

∆ξζi = τiu
2�−2ζi in R

n

∫
Rn

u2
�−2ζiζk dvξ = K

−n
2

n δik.
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Thanks to the work of Bianchi-Egnell [3], we know that

ζ1 = u , τ1 = 1,(2.51)

ζi = λi
∂u

∂xi−1
, τi = 2� − 1 for i = 2, . . . , n+ 1,

ζn+2 = λn+2

(
u− 2

n(n− 2)
|x|2u n

n−2

)
, τn+2 = 2� − 1,

where λ2, . . . , λn+2 are some positive real numbers and that

(2.52) τn+3 > 2� − 1.

Let us now write that

wj,ε =
n+2∑
i=1

αi,εζi,ε +Rj,ε

with

(2.53) αi,ε =

∫
B0(δj)

(∇wj,ε,∇ζi,ε)gj,ε
dvgj,ε∫

B0(δj)
|∇ζi,ε|2gj,ε

dvgj,ε

so that ∫
B0(δj)

(∇Rj,ε,∇ζi,ε)gj,ε
dvgj,ε = 0

for i = 1, . . . , n+ 2. In particular, we obtain thanks to (2.48) that∫
B0(δj)

|∇Rj,ε|2gj,ε
dvgj,ε(2.54)

≥ (τn+3 + o (1)
) ∫

B0(δj)

(
ηjψ̃j,ε

)2�−2
R2

j,ε dvgj,ε .

We also have that∫
B0(δj)

|∇wj,ε|2gj,ε
dvgj,ε(2.55)

= K
−n

2
n

n+2∑
i=1

τi,εα
2
i,ε +

∫
B0(δj)

|∇Rj,ε|2gj,ε
dvgj,ε
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thanks to (2.47). At last, we can write that∫
B0(δj)

(
ηjψ̃j,ε

)2�−2
w2

j,ε dvgj,ε(2.56)

= K
−n

2
n

n+2∑
i=1

α2
i,ε +

∫
B0(δj)

(
ηjψ̃j,ε

)2�−2
R2

j,ε dvgj,ε .

We now estimate the αi,ε’s. We write thanks to (2.47), (2.49) and (2.53)
that

K
−n

2
n τi,εαi,ε =

∫
B0(δj)

(
∇wj,ε,∇

(
ζi,ε − ζ̃i,ε

))
gj,ε

dvgj,ε

+
∫

B0(δj)

(
∇wj,ε,∇

(
ζ̃i,ε

))
gj,ε

dvgj,ε

=
∫

B0(δj)

(
∇wj,ε,∇

(
ζ̃i,ε

))
gj,ε

dvgj,ε + o
(‖∇wj,ε‖2

)
.

It is then easily checked that∫
B0(δj)

(
∇wj,ε,∇

(
ζ̃i,ε

))
gj,ε

dvgj,ε = O

((
νj,ε

rj,ε

)n−2
)

for i = 1, . . . , n + 2 thanks to (2.39), (2.40), (2.41), (2.50) and (2.51).
Thus we obtain that

α2
i,ε = o

(‖∇wj,ε‖22
)
+ o

((
νj,ε

rj,ε

)n−2
)

.

Then (2.55) becomes

‖∇wj,ε‖22
(
1 + o (1)

)
= o

((
νj,ε

rj,ε

)n−2
)

+ ‖∇Rj,ε‖22

and (2.56) becomes∫
B0(δj)

(
ηjψ̃j,ε

)2�−2
w2

j,ε dvgj,ε =
∫

B0(δj)

(
ηjψ̃j,ε

)2�−2
R2

j,ε dvgj,ε

+o
(‖∇wj,ε‖22

)
+ o

((
νj,ε

rj,ε

)n−2
)

.
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Using (2.46), (2.52) and (2.54), we thus obtain that
(2.57)

‖∇wj,ε‖22 = O

((
νj,ε

rj,ε

)n−2
)

+ o
(
ν3j,ε
)
+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

We claim now that

(2.58) θj,ε = O

((
νj,ε

rj,ε

)n−2
)

+ o
(
νj,ε

)
+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

In order to prove this claim, we first note that∫
B0(δj)

|∇ (ηj ṽj,ε)|2gj,ε
dvgj,ε =

∫
B0(δj)

|∇wj,ε|2gj,ε
dvgj,ε

+ (1 + θj,ε)
2
∫

B0(δj)

∣∣∣∇(ηjψ̃j,ε

)∣∣∣2
gj,ε

dvgj,ε

thanks to (2.38) and (2.39). Direct computations lead then with the
Cartan expansion of the metric gj,ε around 0 to∫

B0(δj)

∣∣∣∇(ηjψ̃j,ε

)∣∣∣2
gj,ε

dvgj,ε

=
∫

B0(δj)

∣∣∣∇ψ̃j,ε

∣∣∣2 dx+O

(
r2j,ε

∫
B0(δj)

|x|2
∣∣∣∇ψ̃j,ε

∣∣∣2 dx

)

+O

((
νj,ε

rj,ε

)n−2
)

= K
−n

2
n +O

((
νj,ε

rj,ε

)n−2
)

+ o
(
νj,ε

)
.

We thus get thanks to (2.31) and (2.57) that

∫
B0(δj)

|∇ (ηj ṽj,ε)|2gj,ε
dvgj,ε =K

−n
2

n (1 + θj,ε)
2 +O

((
νj,ε

rj,ε

)n−2
)

+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
+ o

(
νj,ε

)
.

(2.59)
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Independently, using (2.33), (2.35) and (2.36), we have that∫
B0(δj)

|∇ (ηj ṽj,ε)|2gj,ε
dvgj,ε

=
∫

B0(δj)
(ηj ṽj,ε)

2�

dvgj,ε − r2j,ε

∫
B0(δj)

hj,ε (ηj ṽj,ε)
2 dvgj,ε

+O

(∫
B0(δj)

|∇uj,ε|gj,ε
|∇σ̃j,ε|gj,ε

uj,ε dvgj,ε

)
+O

((
νj,ε

rj,ε

)n−2
)

+O

(∫
B0(δj)

∣∣∆gj,ε σ̃j,ε

∣∣u2j,ε dvgj,ε

)

+O

(∫
B0(δj)

∣∣∣σ̃2
j,ε − σ̃2�

j,ε

∣∣∣u2�

j,ε dvgj,ε

)
.

Following what we did to estimate the different terms of (2.42), we
deduce from this equation the following:∫

B0(δj)
|∇ (ηj ṽj,ε)|2gj,ε

dvgj,ε

=
∫

B0(δj)
(ηj ṽj,ε)

2�

dvgj,ε − r2j,ε

∫
B0(δj)

hj,ε (ηj ṽj,ε)
2 dvgj,ε

+O

((
νj,ε

rj,ε

)n−2
)

+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

Writing thanks to (2.38), Hölder’s and Sobolev’s inequalities that∫
B0(δj)

(ηj ṽj,ε)
2�

dvgj,ε

= (1 + θj,ε)
2�
∫

B0(δj)

(
ηjψ̃j,ε

)2�

dvgj,ε

+ 2� (1 + θj,ε)
2�−1

∫
B0(δj)

(
ηjψ̃j,ε

)2�−1
wj,ε dvgj,ε

+O

(∫
B0(δj)

|∇wj,ε|2gj,ε
dvgj,ε

)
and thanks to the Cartan expansion of the metric gj,ε around 0 that∫

B0(δj)

(
ηjψ̃j,ε

)2�

dvgj,ε = K
−n

2
n +O

((
νj,ε

rj,ε

)n−2
)

+ o (νj,ε) ,
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we get thanks to (2.31), (2.45) and (2.57) that∫
B0(δj)

(ηṽj,ε)
2�

dvgj,ε = (1 + θj,ε)
2�

K
−n

2
n +O

((
νj,ε

rj,ε

)n−2
)

+ o (νj,ε)

+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

Using (2.37), it is easily checked that

r2j,ε

∫
B0(δj)

hj,ε (ηj ṽj,ε)
2 dvgj,ε = o

(
νj,ε

)
.

Thus we arrive to∫
B0(δj)

|∇ (ηj ṽj,ε)|2gj,ε
dvgj,ε

= (1 + θj,ε)
2�

K
−n

2
n +O

((
νj,ε

rj,ε

)n−2
)

+ o
(
νj,ε

)
+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

Combining (2.59) with this last relation, we get (2.58).

We now apply the Pohozaev identity with test function f = 1
2 |x|2,

to uj,ε in Ωj,ε (see Appendix 2) where

Ωj,ε = B0 (δj) \
⋃

k∈Dj

Ωk,j,ε

with

Ωj,k,ε = r−1
j,ε exp−1

yj,ε

(
Bxk,ε

(
Rk

2
sj,k,ε

))
.

We thus have that∫
Ωj,ε

(
r2j,εhj,ε +

r2j,ε
2
(∇hj,ε,∇f

)
gj,ε

+
1
4
(
∆gj,ε

)2
f

)
u2j,ε dvgj,ε(2.60)

=
1
n

∫
Ωj,ε

(
∆gj,εf + n

)
u2

�

j,ε dvgj,ε

+
∫
Ωj,ε

(∇2f − gj,ε

)(∇uj,ε,∇uj,ε

)
dvgj,ε +Aε
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where Aε is the boundary term

Aε=
∫

∂Ωj,ε

(
1
2
|∇uj,ε|2gj,ε

(∇f, ν
)
gj,ε
− (∇uj,ε,∇f

)
gj,ε

(∇uj,ε, ν
)
gj,ε

)
dσgj,ε

− n− 2
2

∫
∂Ωj,ε

uj,ε

(∇uj,ε, ν
)
gj,ε

dσgj,ε

−
∫

∂Ωj,ε

(∇f, ν
)
gj,ε

(
1
2�

u2
�

j,ε −
r2j,ε
2

hj,εu
2
j,ε

)
dσgj,ε

+
1
2

∫
∂Ωj,ε

(
∆gj,εf + n

)
uj,ε

(∇uj,ε, ν
)
gj,ε

dσgj,ε

− 1
4

∫
∂Ωj,ε

(∇ (∆gj,εf
)
, ν
)
gj,ε

u2j,ε dσgj,ε

where ν denotes the unit outer normal of ∂Ωj,ε. Note that, by (2.11)
and (2.12),

∂Ωj,ε = ∪k∈Dj
∂Ωj,k,ε ∪ ∂B0 (δj)

and the union is a disjoint one. We denote by Ak,ε the part of Aε

corresponding to ∂Ωj,k,ε. Noting that, on ∂Ωj,k,ε,

rj,ε|∇f | ≤ dg (yj,ε, xk,ε) +
Rk

2
sj,k,ε,

we can estimate Ak,ε thanks to (0.1), (2.4), (2.10), (2.11), (2.14) and
(2.34). This leads to

Ak,ε = O

((
µk,ε

sj,k,ε

)n−2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

))

for all k ∈ Dj . In order to estimate the part of Aε corresponding to
∂B0 (δj), we use (0.1), (2.3), (2.4), (2.31), (2.34), (2.36) and the explicit
form of hj given in Claim 2, point (i). We finally obtain that

Aε =
(n− 2)2

2
a2−n

n ωn−1hj (0)
(
νj,ε

rj,ε

)n−2

+ o

((
νj,ε

rj,ε

)n−2
)

(2.61)

+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

) .
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Since (ηjψ̃j,ε) is radially symmetrical, noting that σ̃j,ε = 1 in Ωj,ε, we
get with (2.31), (2.34), (2.36), (2.38) and (2.57) that

∫
Ωj,ε

(∇2f − gj,ε

)(∇uj,ε,∇uj,ε

)
dvgj,ε(2.62)

= o

((
νj,ε

rj,ε

)n−2
)

+ o
(
ν3j,ε
)
+ o

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

The Cartan expansion of the metric gj,ε around 0 gives that

∆gj,εf + n =
1
3
Ricgj,ε (0)kl x

kxl

+
1
2
∂klm

(
ln
√

|gj,ε|
)
(0)xkxlxm +O

(
r4j,ε|x|4

)

in B0 (δj) where Ricgj,ε denotes the Ricci curvature of gj,ε and where
|gj,ε| is the determinant of the matrix

(
(gj,ε)ik

)
. Since σ̃j,ε = 1 in Ωj,ε,

we can write thanks to (2.3), (2.31), (2.36), (2.38) and to the fact that(
ψ̃j,ε

)
is radially symmetrical that

∫
Ωj,ε

(
∆gj,εf + n

)
u2

�

j,ε dvgj,ε

=
(1 + θj,ε)

2�

3
Ricgj,ε (0)kl

∫
B0(δj)

xkxlψ̃2�

j,ε dx+ o

((
νj,ε

rj,ε

)n−2
)

+O

(
r2j,ε

∫
B0(δj)

|x|2ψ̃2�−1
j,ε |wj,ε| dx

)
+O

(
r4j,ε

∫
B0(δj)

|x|4ψ̃2�

j,ε dx

)

+O

r2j,ε
∑
k∈Dj

∫
Ωj,k,ε

|x|2ψ̃2�

j,ε dvgj,ε

+O
(
r2j,ε‖wj,ε‖2�

2�

)
.

Using (2.57) and (2.58), this leads thanks to Hölder’s and Sobolev’s
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inequalities and to some explicit computations to the following:

∫
Ωj,ε

(
∆gj,εf + n

)
u2

�

j,ε dvgj,ε

(2.63)

=
n

3
K

−n
2

n Sg (yj,ε) ν2j,ε + o

((
νj,ε

rj,ε

)n−2
)

+ o

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2


+O

r2j,ε
∑
k∈Dj

∫
Ωj,k,ε

|x|2ψ̃2�

j,ε dvgj,ε

+ o
(
ν3j,ε
)
.

Let k ∈ Dj . We write that

r2j,ε

∫
Ωj,k,ε

|x|2ψ̃2�

j,ε dvgj,ε

=
∫

Bxk,ε

(
Rk
2

sj,k,ε

) dg (yj,ε, x)
2

(
νj,ε

ν2j,ε + andg (yj,ε, x)
2

)n

dvg.

Let us assume first that dg (yj,ε, xk,ε) = O (sj,k,ε). Then we write that
for some R > 0 large and for ε small,

r2j,ε

∫
Ωj,k,ε

|x|2ψ̃2�

j,ε dvgj,ε

≤
∫

Byj,ε(Rsj,k,ε)
dg (yj,ε, x)

2

(
νj,ε

ν2j,ε + andg (yj,ε, x)
2

)n

dvg .

Independently, by (1.1), (2.9) and (2.10), we have that sj,k,ε = o
(
dg(xj,ε,

xk,ε)
)
. Thanks to (2.31), we then obtain that sj,k,ε = o (νj,ε). Thus we

get that

r2j,ε

∫
Ωj,k,ε

|x|2ψ̃2�

j,ε dvgj,ε = O

(
sn+2

j,k,ε

νn
j,ε

)

= O

((
µk,ε

sj,k,ε

)n−2 s2n
j,k,ε

νn
j,εµ

n−2
k,ε

)
.

Since we assumed that dg (yj,ε, xk,ε) = O (sj,k,ε), we also get thanks to
(2.9), (2.10) and (2.31) that s2j,k,ε = O (νj,εµk,ε). Thus, since µk,ε → 0
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as ε → 0, we have obtained in this case that

r2j,ε

∫
Ωj,k,ε

|x|2ψ̃2�

j,ε dvgj,ε = o

((
µk,ε

sj,k,ε

)n−2
)

.

Let us assume now that
dg(yj,ε,xk,ε)

sj,k,ε
→ +∞ as ε → 0. In this case, we

can write that

r2j,ε

∫
Ωj,k,ε

|x|2ψ̃2�

j,ε dvgj,ε

= O

(
dg (yj,ε, xk,ε)

2

(
sj,k,ε

νj,ε

)n
(
1 + an

dg (yj,ε, xk,ε)
2

ν2j,ε

)−n)
.

We write then thanks to (1.1), (2.10) and (2.31) that(
sj,k,ε

νj,ε

)n

= O

( µk,ε

sj,k,ε

)n−2 µk,ε

νj,ε

(
1 + an

dg (yj,ε, xk,ε)
2

ν2j,ε

)n−1


so that we get that

r2j,ε

∫
Ωj,k,ε

|x|2ψ̃2�

j,ε dvgj,ε

= O

((
µk,ε

sj,k,ε

)n−2

µk,ενj,ε
dg (yj,ε, xk,ε)

2

ν2j,ε + andg (yj,ε, xk,ε)
2

)
.

This gives that the estimate of the first case also holds in this second
case. We have thus obtained that

(2.64) r2j,ε

∫
Ωj,k,ε

|x|2ψ̃2�

j,ε dvgj,ε = o

((
µk,ε

sj,k,ε

)n−2
)

for all k ∈ Dj . Let us estimate the left-hand side term of (2.60). Using
(0.1) and the Cartan expansion of the metric gj,ε around 0, one gets
that

r2j,εhj,ε +
r2j,ε
2
(∇hj,ε,∇f

)
gj,ε

+
1
4
(
∆gj,ε

)2
f

= r2j,ε

(
hε (yj,ε)− 1

6
Sg (yj,ε)

)
+
(
3
2
r2j,ε∂khj,ε(0) +

1
4
∂k

(
∆2

gj,ε
f
)
(0)
)

xk +O
(
r4j,ε|x|2

)
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in B0 (δj) so that we obtain with (2.4), (2.31), (2.36), (2.38) and the

fact that
(
ψ̃j,ε

)
is radially symmetrical that

∫
Ωj,ε

(
r2j,εhj,ε +

r2j,ε
2
(∇hj,ε,∇f

)
gj,ε

+
1
4
(
∆gj,ε

)2
f

)
u2j,ε dvgj,ε

= r2j,ε

(
hε (yj,ε)− 1

6
Sg (yj,ε)

)
(1 + θj,ε)

2
∫

B0(δj)
ψ̃2

j,ε dx

+ o

((
νj,ε

rj,ε

)n−2
)

+O

r2j,ε
∑
k∈Dj

∫
Ωj,k,ε

ψ̃2
j,ε dvgj,ε

+O

(
r4j,ε

∫
B0(δj)

|x|2ψ̃2
j,ε dx

)

+O

(
r2j,ε

∫
B0(δj)

ψ̃j,ε|wj,ε| dx
)

+O

(
r2j,ε

∫
B0(δj)

|wj,ε|2 dx
)

.

This leads thanks to (2.4), (2.57) and (2.58) and after computations
similar to those developed above to prove (2.63) and (2.64) to

∫
Ωj,ε

(
r2j,εhj,ε +

r2j,ε
2
(∇hj,ε,∇f

)
gj,ε

+
1
4
(
∆gj,ε

)2
f

)
u2j,ε dvgj,ε

=
(
hε (yj,ε)− 1

6
Sg (yj,ε)

)
×


64ω3ν

2
j,ε ln

(
rj,ε

νj,ε

)
if n = 4

4(n− 1)
n− 4

K
−n

2
n ν2j,ε if n ≥ 5

+ o

((
νj,ε

rj,ε

)n−2
)

+ o
(
ν3j,ε
)
+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

Coming back to (2.60) with (2.61) − (2.64) and this last estimate, we
finally arrive to
(2.65)

3
2
ω2hj (0)

νj,ε

rj,ε
= o

(
νj,ε

rj,ε

)
+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

)
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when n = 3, to

(
hε (yj,ε)− C(4)Sg (yj,ε)

)
r2j,ε ln

(
1

νj,ε

)(2.66)

= 2hj (0) + o (1) +O

r2j,ε
ν2j,ε

∑
k∈Dj

(
µk,ε

sj,k,ε

)2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

)
when n = 4, to(

hε (yj,ε)− C(5)Sg (yj,ε)
)
r3j,εν

−1
j,ε(2.67)

= 9
√
15

ω4

ω5
hj (0) + o (1)

+O

r3j,ε
ν3j,ε

∑
k∈Dj

(
µk,ε

sj,k,ε

)3(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

)
when n = 5 and to

(
hε (yj,ε)− C(n)Sg (yj,ε)

)
rn−2
j,ε ν4−n

j,ε

(2.68)

=
n− 4

4 (n− 1)
(n− 2)2

2
a2−n

n K
n
2
n ωn−1hj (0) + o (1) + o

(
rn−2
j,ε ν5−n

j,ε

)
+O

(rj,ε

νj,ε

)n−2 ∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

)
when n ≥ 6. In these relations, C(n) = n−2

4(n−1) .

We prove now point (ii) of Claim 2 by induction on j. Let us start
by j = 1. Assume that r1,ε → 0 as ε → 0. Note that, by (1.6),
A1 =

{
2, . . . , N

}
. We write with (2.2) that

r21,ε ≤
µ1,ε

µk,ε
dg (x1,ε, xk,ε)

2 + µ1,εµk,ε

for all k ∈ {2, . . . , N} which gives thanks to (1.1) and (1.6) that dg(x1,ε,
xk,ε) ≥ r1,ε

(
1 + o(1)

)
for all k ∈ {2, . . . , N}. Then C1 = ∅ where C1 is

as in (2.8) and thus D1 = ∅. Then (2.65) leads to a contradiction when
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n = 3 since h1(0) > 0 by (2.7) and ν1,ε

r1,ε
→ 0 as ε → 0 thanks to (2.3)

and (2.31). Thus, in dimension n = 3, we have that lim infε→0 r1,ε > 0.
This proves that the assertion of Claim 2 in the case n = 3 holds for
j = 1. For n ≥ 4, since D1 = ∅, (2.66) − (2.68) clearly lead thanks to
(0.1) and (2.31) to the assertion (ii) of Claim 2 for j = 1.

Let now j ∈ {2, . . . , N} and assume that the assertion of Claim 2 for
n = 3 holds for i = 1, . . . , j − 1 and that point (ii) of Claim 2 holds for
i = 1, . . . , j − 1. Assume moreover that rj,ε → 0 as ε → 0. Let k ∈ Dj .
Thanks to (1.6), (2.1) and (2.9), we have that k < j and that j ∈ Ak.
Then, thanks to (2.2) and (2.10), we obtain that sj,k,ε ≥ rk,ε. By (2.11),
since we assumed that rj,ε → 0 as ε → 0, we get that rk,ε → 0 as ε → 0.
If n = 3, since k < j, the induction hypothesis gives a contradiction so
that we get that Dj = ∅. As above, we deduce then from (2.65) that
the assertion of Claim 2 in the case n = 3 holds for j. Assume now that
n ≥ 4. Let k ∈ Dj . We write with (2.10) and (2.31) that

dg (yj,ε, xk,ε)
sj,k,ε

=
dg (xj,ε, xk,ε)

sj,k,ε
+ o

(
µj,ε

sj,k,ε

)
= O

(√
µj,ε

µk,ε

)
.

Thus, since sj,k,ε ≥ rk,ε and thanks to (2.9),(
µk,ε

sj,k,ε

)n−2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

)
= O

(√
µj,ε

µk,ε

(
µk,ε

rk,ε

)n−2
)

.

Since k < j and rk,ε → 0 as ε → 0, we can apply point (ii) of Claim 2
to k to obtain that

(
µk,ε

sj,k,ε

)n−2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

)
=


O
(√

µj,ε

µk,ε
µ2

k,ε ln
(

1
µk,ε

))
if n = 4

O
(√

µj,ε

µk,ε
µ2

k,ε

)
if n ≥ 5.

Thanks to (2.9), this leads to

(
µk,ε

sj,k,ε

)n−2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

)
=


o

(
µ2

j,ε ln
(

1
µj,ε

))
if n = 4

o
(
µ2

j,ε

)
if n ≥ 5

for all k ∈ Dj . Then (2.66)− (2.68) together with (0.1), (2.31) and this
last estimate clearly lead to point (ii) of Claim 2 for j. This proves that
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the assertion of Claim 2 for n = 3 holds for all j ∈ {1, . . . , N} and that
point (ii) of Claim 2 holds for all j ∈ {1, . . . , N} when n ≥ 4.

It remains to prove point (iii) of Claim 2. We assume throughout
the end of this section that n ≥ 4. Let j ∈ {1, . . . , N} and assume that
h0 (xj) > C(n)Sg (xj). Then, thanks to point (ii) of Claim 2, we have
that

rj,ε = O

(
ln
(

1
µj,ε

)− 1
2

)
if n = 4,(2.69)

rj,ε = O

(
µ
−n−4

n−2

j,ε

)
if n ≥ 5.

We let 0 < δ < δj and we set

Ωj,ε (δ) = B0 (δ) \ ∪k∈Dj
Ωj,k,ε.

By integration by parts, we have that∫
Ωj,ε(δ)

∂γuj,ε∆ξuj,ε dx =
1
2

∫
∂Ωj,ε(δ)

|∇uj,ε|2ξ
xγ

|x| dσξ(2.70)

−
∫

∂Ωj,ε(δ)
∂γuj,ε

xi∂iuj,ε

|x| dσξ

for all γ = 1, . . . , n. By (2.11) and (2.12), we have that

∂Ωj,ε (δ) = ∪k∈Dj
∂Ωj,k,ε ∪ ∂B0 (δ) ,

the union being disjoint. Using (2.36) and the explicit form of hj , we
get that

lim
ε→0

((
rj,ε

νj,ε

)n−2 ∫
∂B0(δ)

(
1
2
|∇uj,ε|2ξ

xγ

|x| − ∂γuj,ε
xi∂iuj,ε

|x|
)

dσξ

)(2.71)

= a2−n
n (n− 2)ωn−1∂γhj (0) .

Let k ∈ Dj . Thanks to (1.6), (2.1), (2.2), (2.9) and (2.10), we get
successively that k < j, that j ∈ Ak, that rk,ε ≤ sj,k,ε and that rk,ε → 0
as ε → 0. Applying point (ii) of Claim 2 to k, we thus obtain that

(2.72)
1

sj,k,ε
=


O

(
ln
(

1
µk,ε

) 1
2

)
if n = 4

O

(
µ
−n−4

n−2

k,ε

)
if n ≥ 5
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for all k ∈ Dj . Thanks to (2.14), we get that(
rj,ε

νj,ε

)n−2 ∫
∂Ωj,k,ε

|∇uj,ε|2ξ dσξ = O

(
rn−1
j,ε

νn−2
j,ε

µn−2
k,ε

sn−1
j,k,ε

)
.

for all k ∈ Dj which gives thanks to (2.9), (2.31), (2.69) and (2.72) that(
rj,ε

νj,ε

)n−2 ∫
∂Ωj,k,ε

|∇uj,ε|2ξ dσξ = o (1) .

Coming back to (2.70) with (2.71) and this last estimate, we arrive to

lim
ε→0

((
rj,ε

νj,ε

)n−2 ∫
Ωj,ε(δ)

∂γuj,ε∆ξuj,ε dx

)
= a2−n

n (n− 2)ωn−1∂γhj (0) .

(2.73)

We write now that

∫
Ωj,ε(δ)

∂γuj,ε∆ξuj,ε dx =
∫
Ωj,ε(δ)

∂γuj,ε∆gj,εuj,ε dx

+
∫
Ωj,ε(δ)

∂γuj,ε

(
∆ξuj,ε −∆gj,εuj,ε

)
dx.

(2.74)

By Equation (2.35) and some integration by parts, we obtain that∫
Ωj,ε(δ)

∂γuj,ε∆gj,εuj,ε dx =
r2j,ε
2

∫
Ωj,ε(δ)

∂γhj,εu
2
j,ε dx+ o

((
νj,ε

rj,ε

)n−2
)

using (0.1), (2.3), (2.4), (2.9), (2.14), (2.31), (2.36), (2.69) and (2.72) to
estimate the different boundary terms. Noting that σ̃j,ε = 1 in Ωj,ε (δ),
we get with (0.1), (2.33) and (2.37) that

r2j,ε
2

∫
Ωj,ε(δ)

∂γhj,εu
2
j,ε dx = O

(
r3j,ε

∫
B0(δ)

ψ̃2
j,ε dx

)
= o

((
νj,ε

rj,ε

)n−2
)

thanks to (2.31) and (2.69) so that we arrive to

(2.75)
∫
Ωj,ε(δ)

∂γuj,ε∆gj,εuj,ε dx = o

((
νj,ε

rj,ε

)n−2
)

.
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We write that∫
Ωj,ε(δ)

∂γuj,ε

(
∆ξuj,ε −∆gj,εuj,ε

)
dx(2.76)

=
∫
Ωj,ε(δ)

∂γuj,ε

(
gαβ

j,ε − δαβ
)
∂αβuj,ε dx

+
∫
Ωj,ε(δ)

∂α

(√|gj,ε|gαβ
j,ε

)
√|gj,ε|

∂βuj,ε∂γuj,ε dx.

By integration by parts, we get that∫
Ωj,ε(δ)

∂γuj,ε

(
gαβ

j,ε − δαβ
)
∂αβuj,ε dx

=
1
2

∫
Ωj,ε(δ)

∂γ

(
gαβ

j,ε

)
∂αuj,ε∂βuj,ε dx

−
∫
Ωj,ε(δ)

∂α

(
gαβ

j,ε

)
∂γuj,ε∂βuj,ε dx+ o

((
νj,ε

rj,ε

)n−2
)

using (0.1), (2.3), (2.4), (2.9), (2.14), (2.31), (2.36), (2.69) and (2.72) to
estimate the boundary terms. Thus we arrive with (2.76) to

∫
Ωj,ε(δ)

∂γuj,ε

(
∆ξuj,ε −∆gj,εuj,ε

)
dx

=
1
2

∫
Ωj,ε(δ)

∂γ

(
gαβ

j,ε

)
∂αuj,ε∂βuj,ε dx+ o

((
νj,ε

rj,ε

)n−2
)

+
∫
Ωj,ε(δ)

gαβ
j,ε

∂α

(√|gj,ε|
)√|gj,ε|
∂βuj,ε∂γuj,ε dx.

With an expansion of the different terms involving the metric gj,ε around
0, noting that ∫

∂B0(r)
xαxβxγdσξ = 0

for all α, β, γ and all r > 0 and writing thanks to (2.38) that uj,ε =
(1 + θj,ε) ψ̃j,ε + wj,ε in Ωj,ε (δ) for δ > 0 small enough since σ̃j,ε = 1 in
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Ωj,ε (δ), we obtain that∫
Ωj,ε(δ)

∂γuj,ε

(
∆ξuj,ε −∆gj,εuj,ε

)
dx

= o

((
νj,ε

rj,ε

)n−2
)

+O

(
r3j,ε

∫
B0(δ)

|x|2
∣∣∣∇ψ̃j,ε

∣∣∣2 dx

)

+O

(
r2j,ε

∫
B0(δ)

|x|
∣∣∣∇ψ̃j,ε

∣∣∣ |∇wj,ε| dx
)

+O
(
r2j,ε‖∇wj,ε‖22

)
+O

r2j,ε
∑
k∈Dj

∫
Ωj,k,ε

|x|
∣∣∣∇ψ̃j,ε

∣∣∣2 dx

 .

Using (2.14), (2.57) and (2.69), one easily checks that this leads to∫
Ωj,ε(δ)

∂γuj,ε

(
∆ξuj,ε −∆gj,εuj,ε

)
dx = o

((
νj,ε

rj,ε

)n−2
)

.

Coming back to (2.73) with (2.74), (2.75) and this last relation, we get
that ∂γhj(0) = 0 for all k = 1, . . . , n. Thus point (iii) of Claim 2 is
proved. q.e.d.

3. Almost isolated concentration points

We consider in this section the case of an almost isolated concentra-
tion point. We just sketch the arguments since they mainly follow the
lines of those developed in Section 2. We thus refer the reader to the
corresponding parts of the previous section for details on some of the
assertions below. We let j ∈ {1, . . . , N} and we assume that

lim
ε→0

rj,ε = r0 > 0.

Thanks to the definition (2.2) of rj,ε, this implies that

(3.1) u0 ≡ 0,

that

(3.2) µi,ε = O (µj,ε) for all i ∈ {1, . . . , N}
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and that

(3.3) for any i ∈ {1, . . . , N} , i �= j, µj,ε = O (µi,ε) ⇒ xi �= xj .

It comes then from (1.7) that

(3.4) lim
ε→0

µ
1−n

2
j,ε uε = a

−n−2
2

n (n− 2)ωn−1

N∑
i=1

(
lim
ε→0

µi,ε

µj,ε

)n
2
−1

G0 (xi, . )

in C2
loc (M\S), S as in (1.2), where G0 is the Green function of ∆g +h0.

Let us set

(3.5) Cj =
{
k ∈ {1, . . . , N} , k �= j s.t. xj = xk

}
.

Thanks to (3.2) and (3.3), we have that

(3.6) for any k ∈ Cj , µk,ε = o (µj,ε) .

We let now

(3.7) s2j,k,ε =
µk,ε

µj,ε
dg (xk,ε, xj,ε)

2 + µj,εµk,ε

for k ∈ Cj . Note that, thanks to (3.6),

(3.8) sj,k,ε = o (1) for all k ∈ Cj .

We let now Dj be a subset of Cj and (Rk)k∈Dj
be a sequence of positive

real numbers such that

(3.9) for any k, k′ ∈ Dj , k �= k′,
dg

(
xk,ε, xk′,ε

)
sj,k,ε

→ +∞ as ε → 0

and such that

for any k′ ∈ Cj , ∃ a unique k ∈ Dj such that

lim sup
ε→0

dg

(
xk,ε, xk′,ε

)
sj,k,ε

≤ Rk

10
and lim sup

ε→0

sj,k′,ε

sj,k,ε
≤ Rk

10
.

(3.10)

We claim that there exists C > 0 independent of ε such that for any
k ∈ Dj ,

for any x ∈ Bxk,ε
(Rksj,k,ε) \Bxk,ε

(
Rk

4
sj,k,ε

)
,

|∇uε|g(x) ≤ Cµ
n
2
−1

k,ε s1−n
j,k,ε , uε(x) ≤ Cµ

n
2
−1

k,ε s2−n
j,k,ε.

(3.11)
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The proof of such a claim is based on Claim 1 and follows exactly the
proof of (2.14) in Section 2. We let η : [0,+∞[ �→ R be a smooth
function verifying that η ≡ 1 on

[
0, 14
]
and η ≡ 0 on

[
1
2 ,+∞[. We set

(3.12) σj,ε =
∏

k∈Dj

(
1− η

(
dg (xk,ε, . )
Rksj,k,ε

))
and vj,ε = σj,εuε.

It is easily checked thanks to (1.3) that there exists C > 0 independent
of ε such that

(3.13) vj,ε ≤ Cϕj,ε in Bxj,ε (δj)

where δj ∈ R
�
+ is fixed such that

δj ≤ 1
2
min
{
dg (xj , xk) , k ∈ {1, . . . , N} \Cj , k �= j

}
and δj ≤ 1

6
ig(M).

We set

(3.14) Λj,ε =
{
(y, ν, θ) ∈ M × R

�
+ × R s.t.

dg (xj,ε, y) ≤ µj,ε ,
1
2
≤ ν

µj,ε
≤ 2 , −1

2
≤ θ ≤ 1

2

}
and we let (yj,ε, νj,ε, θj,ε) ∈ Λj,ε be such that

(3.15) Jj,ε

(
yj,ε, νj,ε, θj,ε

)
= min

(y,ν,θ)∈Λj,ε

Jj,ε

(
y, ν, θ

)
where

Jj,ε

(
y, ν, θ

)
=
∫

M

∣∣∣∣∇(η(dg (y, . )
2δj

)(
vj,ε − (1 + θ)ψy,ν

)∣∣∣∣2
g

dvg

with ψy,ν as in (2.23). Let us prove that

(3.16) Jj,ε (yj,ε, νj,ε, θj,ε) → 0 as ε → 0.

Note that (xj,ε, µj,ε, 0) ∈ Λj,ε so that

Jj,ε (yj,ε, νj,ε, θj,ε) ≤ Jj,ε (xj,ε, µj,ε, 0) .
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We write then that

Jj,ε (xj,ε, µj,ε, 0) =
∫

M

∣∣∣∣∇(η(dg (xj,ε, .)
2δj

)
(vj,ε − ϕj,ε)

)∣∣∣∣2
g

dvg

≤ C

∫
Bxj,ε (δj)\Bxj,ε

(
δj
2

) (vj,ε − ϕj,ε)
2 dvg

+C

∫
Bxj,ε (δj)

∣∣∇(vj,ε − ϕj,ε

)∣∣2
g
dvg

where C > 0 is some constant independent of ε. Thanks to (3.13), it is
easily checked that

lim
ε→0

∫
Bxj,ε (δj)\Bxj,ε

(
δj
2

) (vj,ε − ϕj,ε)
2 dvg = 0

so that we obtain that

(3.17) Jj,ε (yj,ε, νj,ε, θj,ε) = O

(∫
Bxj,ε (δj)

|∇ (vj,ε − ϕj,ε) |2g dvg

)
.

We write with (1.5) and (3.1) that∫
Bxj,ε (δj)

|∇ (vj,ε − ϕj,ε) |2g dvg

≤ C

∫
Bxj,ε (δj)

|∇((σj,ε − 1)ϕj,ε

)|2g dvg

+C
∑
i�=j

∫
Bxj,ε (δj)

|∇ (σj,εϕi,ε) |2g dvg

+C

∫
Bxj,ε (δj)

|∇ (σj,εRε) |2g dvg.

with ‖Rε‖H2
1 (M) → 0 as ε → 0. Following the proofs of (2.27) − (2.29)

and of the relation preceding (2.30), we then estimate all the terms of
the right-hand side of this relation. This leads to

(3.18) lim
ε→0

∫
Bxj,ε (δj)

|∇ (vj,ε − ϕj,ε)|2g dvg = 0.

Thanks to (3.17), this proves (3.16). As in Section 2, we deduce from
(3.16) that

(3.19) lim
ε→0

θj,ε = 0, lim
ε→0

µj,ε

νj,ε
= 1 and lim

ε→0

dg (xj,ε, yj,ε)
µj,ε

= 0.
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Let 0 < 3δj < δ <
ig(M)

2 . We set for x ∈ B0 (δ), the Euclidean ball of
center 0 and radius δ,

gj,ε (x) = exp�
yj,ε

g (x) ,(3.20)

uj,ε (x) = uε

(
expyj,ε

(x)
)
,

hj,ε (x) = hε

(
expyj,ε

(x)
)
,

σ̃j,ε (x) = σj,ε

(
expyj,ε

(x)
)

and

ṽj,ε (x) = σ̃j,ε (x)uj,ε (x) = vj,ε

(
expyj,ε

(x)
)
.

Note that gj,ε is controled on both sides by the Euclidean metric in the
sense of bilinear forms. Since uε verifies Equation (Eε), uj,ε verifies

(3.21) ∆gj,εuj,ε + hj,εuj,ε = u2
�−1

j,ε

in B0 (δ). Note also that (3.13) just becomes

(3.22) ṽj,ε (x) ≤ Cψ̃j,ε in B0 (δj)

where

ψ̃j,ε (x) =

(
νj,ε

ν2j,ε + an|x|2
)n−2

2

.

We write

(3.23) ηj ṽj,ε = (1 + θj,ε) ηjψ̃j,ε + wj,ε

where wj,ε ∈ C∞
c

(
B0 (δj)

)
and

ηj = η

(
.

2δj

)
.

We express (3.15). Differentiating Jj,ε with respect to θ, we obtain that

(3.24)
∫

B0(δj)

(
∇
(
ηjψ̃j,ε

)
,∇wj,ε

)
gj,ε

dvgj,ε = 0.

Differentiating Jj,ε with respect to y, we get that

(3.25)
∫

B0(δj)

(
∇
(
ηj

∂ψ̃j,ε

∂xi

)
,∇wj,ε

)
gj,ε

dvgj,ε = O
(
νn−2

j,ε

)
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for all i = 1, . . . , n. At last, differentiating Jj,ε with respect to ν, we
obtain thanks to (3.24) that

(3.26)
∫

B0(δj)

∇
ηj |x|2

(
1 + an

|x|2
ν2j,ε

)−n
2

 ,∇wj,ε


gj,ε

dvgj,ε = 0.

The aim is to estimate
∫

B0(δj)
|∇wj,ε|2gj,ε

dvgj,ε . We write first thanks to
(3.23) and (3.24) that∫

B0(δj)
|∇wj,ε|2gj,ε

dvgj,ε =
∫

B0(δj)

(∇wj,ε,∇ (ηj ṽj,ε)
)
gj,ε

dvgj,ε

=
∫

B0(δj)
wj,ε∆gj,ε (ηj ṽj,ε) dvgj,ε .

Writing thanks to (3.4), (3.19), (3.20), (3.21) and (3.23) that

wj,ε∆gj,ε (ηj ṽj,ε) = (ηj ṽj,ε)
2�−1 wj,ε − hj,ε (ηj ṽj,ε)wj,ε

+O
(
|wj,ε| |∇σ̃j,ε|gj,ε

|∇uj,ε|gj,ε

)
+O
(|wj,ε|

∣∣∆gj,ε σ̃j,ε

∣∣uj,ε

)
+O

(
νn−2

j,ε

)
+O
(∣∣∣σ̃j,ε − σ̃2�−1

j,ε

∣∣∣u2�−1
j,ε |wj,ε|

)
in B0 (δj), we get following the proof of (2.43) and using (0.1), (3.6),
(3.7), (3.9), (3.11), (3.12) and (3.22) that

(
1 + o(1)

) ∫
B0(δj)

|∇wj,ε|2gj,ε
dvgj,ε(3.27)

=
∫

B0(δj)
(ηj ṽj,ε)

2�−1 wj,ε dvgj,ε + o
(
ν3j,ε
)
+O

(
ν

n
2
−1

j,ε ‖∇wj,ε‖2
)

+O
(
νn−2

j,ε

)
+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n
2
−1
 ‖∇wj,ε‖2

 .

Relations (3.16) and (3.23) give that
∫

B0(δj)
|∇wj,ε|2gj,ε

dvgj,ε → 0 as
ε → 0 so that Hölder’s and Sobolev’s inequalities permit to write with
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(3.23) that∫
B0(δj)

(ηj ṽj,ε)
2�−1 wj,ε dvgj,ε(3.28)

= (1 + θj,ε)
2�−1

∫
B0(δj)

(
ηjψ̃j,ε

)2�−1
wj,ε dvgj,ε

+ (2� − 1) (1 + θj,ε)
2�−2

∫
B0(δj)

(
ηjψ̃j,ε

)2�−2
w2

j,ε dvgj,ε

+ o

(∫
B0(δj)

|∇wj,ε|2gj,ε
dvgj,ε

)
.

Direct computations give then thanks to (3.4) and to the Cartan ex-
pansion of the metric gj,ε around 0 that∫

B0(δj)

(
∇wj,ε,∇

(
ηjψ̃j,ε

))
gj,ε

dvgj,ε

=
∫

B0(δj)

(
ηjψ̃j,ε

)2�−1
wj,ε dvgj,ε +O

(∫
B0(δj)

|x|2ψ̃2�−1
j,ε |wj,ε| dvgj,ε

)

+O

(∫
B0(δj)

|x|2
∣∣∣∇ψ̃j,ε

∣∣∣ |∇wj,ε| dvgj,ε

)
+O

(
νn−2

j,ε

)
so that, using (3.24), Hölder’s and Sobolev’s inequalities, we get after
simple computations that∫

B0(δj)

(
ηjψ̃j,ε

)2�−1
wj,ε dvgj,ε = O

(
νn−2

j,ε

)
+ o
(
ν3j,ε
)
+ o
(‖∇wj,ε‖22

)
+O

(
ν

n
2
−1

j,ε ‖∇wj,ε‖2
)
.

Coming back to (3.27) with (3.28) and this last estimate, we arrive
thanks to (3.19) to(
1 + o (1)

) ∫
B0(δj)

|∇wj,ε|2gj,ε
dvgj,ε

= (2� − 1)
∫

B0(δj)

(
ηjψ̃j,ε

)2�−2
w2

j,ε dvgj,ε +O
(
νn−2

j,ε

)

+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n
2
−1
 ‖∇wj,ε‖2

+ o
(
ν3j,ε
)
+O

(
ν

n
2
−1

j,ε ‖∇wj,ε‖2
)
.
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Considering an eigenvalue problem like in (2.47), we then follow the
lines of Section 2 and use the lemma of Appendix 1 to obtain that

(3.29) ‖∇wj,ε‖22 = O
(
νn−2

j,ε

)
+ o
(
ν3j,ε
)
+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

We also get, following the proof of (2.58), that

(3.30) θj,ε = O
(
νn−2

j,ε

)
+ o
(
νj,ε

)
+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

We now apply the Pohozaev identity with test function f = 1
2 |x|2,

to uj,ε (see Appendix 2) in

Ωj,ε (δ) = B0 (δ) \
⋃

k∈Dj

Ωj,k,ε

for some δ > 0 small enough with

Ωj,k,ε = exp−1
yj,ε

(
Bxk,ε

(
Rk

2
sj,k,ε

))
.

We thus have that∫
Ωj,ε(δ)

(
hj,ε +

1
2
(∇hj,ε,∇f

)
gj,ε

+
1
4
(
∆gj,ε

)2
f

)
u2j,ε dvgj,ε(3.31)

=
1
n

∫
Ωj,ε(δ)

(
∆gj,εf + n

)
u2

�

j,ε dvgj,ε

+
∫
Ωj,ε(δ)

(∇2f − gj,ε

)(∇uj,ε,∇uj,ε

)
dvgj,ε +Aε

where Aε is the boundary term

Aε =
∫

∂Ωj,ε(δ)

(
1
2
|∇uj,ε|2gj,ε

(∇f, ν
)
gj,ε

− (∇uj,ε,∇f
)
gj,ε

(∇uj,ε, ν
)
gj,ε

)
dσgj,ε

− n− 2
2

∫
∂Ωj,ε(δ)

uj,ε

(∇uj,ε, ν
)
gj,ε

dσgj,ε
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−
∫

∂Ωj,ε(δ)

(∇f, ν
)
gj,ε

(
1
2�

u2
�

j,ε −
1
2
hj,εu

2
j,ε

)
dσgj,ε

+
1
2

∫
∂Ωj,ε(δ)

(
∆gj,εf + n

)
uj,ε

(∇uj,ε, ν
)
gj,ε

dσgj,ε

− 1
4

∫
∂Ωj,ε(δ)

(∇ (∆gj,εf
)
, ν
)
gj,ε

u2j,ε dσgj,ε

where ν denotes the unit outer normal of ∂Ωj,ε(δ). Note that, by (3.8)
and (3.9),

∂Ωj,ε(δ) = ∪k∈Dj
∂Ωj,k,ε ∪ ∂B0 (δ)

and the union is a disjoint one. We denote by Ak,ε the part of Aε

corresponding to ∂Ωj,k,ε. Noting that, on ∂Ωj,k,ε,

|∇f | ≤ dg (yj,ε, xk,ε) +
Rk

2
sj,k,ε,

we get thanks to (0.1), (3.6), (3.7), (3.8) and (3.11) that

Ak,ε = O

((
µk,ε

sj,k,ε

)n−2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

))
for all k ∈ Dj . In order to estimate the part of Aε corresponding to
∂B0 (δ), we use (3.4). We finally obtain that
(3.32)

Aε =
(
Aj (δ)+o (1)

)
νn−2

j,ε +O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2(
1 +

dg (xk,ε, yj,ε)
sj,k,ε

)
where

Aj (δ) =
∫

∂Bxj
(δ)

(
1
2
|∇Hj |2g (∇fj , ν)g − (∇Hj ,∇fj)g (∇Hj , ν)g

)
dσg

− n− 2
2

∫
∂Bxj

(δ)
Hj (∇Hj , ν)g dσg

+
1
2

∫
∂Bxj

(δ)
(∇fj , ν)g h0H

2
j dσg

+
1
2

∫
∂Bxj

(δ)

(
∆gfj + n

)
Hj (∇Hj , ν)g dσg

− 1
4

∫
∂Bxj

(δ)

(∇ (∆gfj) , ν
)
g
H2

j dσg

(3.33)
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with fj = 1
2dg (xj , . )

2 and

(3.34) Hj (x) = a
−n−2

2
n (n− 2)ωn−1

N∑
i=1

(
lim
ε→0

µi,ε

µj,ε

)n
2
−1

G0 (xi, . ) .

Since (ψ̃j,ε) is radially summetrical, we have that

(∇2f − gj,ε

) (∇(ψ̃j,ε

)
,∇
(
ψ̃j,ε

))
= 0

so that, noting that σ̃j,ε = 1 and ηj = 1 in Ωj,ε(δ) for δ small enough,
we can write with (3.4), (3.19), (3.23) and the Cartan expansion of the
metric gj,ε around 0 that∫

Ωj,ε(δ)

(∇2f − gj,ε

)(∇uj,ε,∇uj,ε

)
dvgj,ε

= O

(∫
Ωj,ε(δ)

|x|2
∣∣∣∇ψ̃j,ε

∣∣∣
gj,ε

|∇wj,ε|gj,ε
dvgj,ε

)
+O

(
δ2‖∇wj,ε‖22

)
where O (X) means |O (X)| ≤ CX with C independent of ε and δ. This
leads by direct computations thanks to (3.29) to∫

Ωj,ε(δ)

(∇2f − gj,ε

)(∇uj,ε,∇uj,ε

)
dvgj,ε(3.35)

= O
(
δ

1
2 νn−2

j,ε

)
+ o
(
ν3j,ε
)
+O

δ
1
2

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

The Cartan expansion of the metric gj,ε around 0 gives that

∆gj,εf + n =
1
3
Ricgj,ε (0)kl x

kxl

+
1
2
∂klm

(
ln
√

|gj,ε|
)
(0)xkxlxm +O

(|x|4)
in B0 (δ) where Ricgj,ε denotes the Ricci curvature of gj,ε and where |gj,ε|
is the determinant of the matrix

(
(gj,ε)ik

)
. Thus we can write thanks to

(3.4), (3.19), (3.23) and to the fact that
(
ψ̃j,ε

)
is radially symmetrical
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that

∫
Ωj,ε(δ)

(
∆gj,εf + n

)
u2

�

j,ε dvgj,ε

=
(1 + θj,ε)

2�

3
Ricgj,ε (0)kl

∫
B0(δ)

xkxlψ̃2�

j,ε dx

+O

∑
k∈Dj

∫
Ωj,k,ε

|x|2ψ̃2�

j,ε dx

+O
(
‖wj,ε‖2�

2�

)
+O

(
νn

j,ε

)
+O

(∫
B0(δ)

|x|2ψ̃2�−1
j,ε |wj,ε| dx

)
+O

(∫
B0(δ)

|x|4ψ̃2�

j,ε dx

)
.

Using (3.29) and (3.30), this leads thanks to Hölder’s and Sobolev’s
inequalities and to some explicit computations to the following:

∫
Ωj,ε

(
∆gj,εf + n

)
u2

�

j,ε dvgj,ε =
n

3
K

−n
2

n Sg (yj,ε) ν2j,ε + o
(
νn−2

j,ε

)
(3.36)

+ o
(
ν3j,ε
)
+O

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

Let us estimate the last term of (3.31). Using (0.1) and the Cartan
expansion of the metric gj,ε around 0, one gets that

hj,ε +
1
2
(∇hj,ε,∇f

)
gj,ε

+
1
4
(
∆gj,ε

)2
f

=
(
hε (yj,ε)− 1

6
Sg (yj,ε)

)
+
(
3
2
∂khj,ε(0) +

1
4
∂k

(
∆2

gj,ε
f
)
(0)
)

xk +O
(|x|2)

in B0 (δ) so that we obtain with (3.4), (3.19), (3.23) and the fact that
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(
ψ̃j,ε

)
is radially symmetrical that∫
Ωj,ε(δ)

(
hj,ε +

1
2
(∇hj,ε,∇f

)
gj,ε

+
1
4
(
∆gj,ε

)2
f

)
u2j,ε dvgj,ε

=
(
hε (yj,ε)− 1

6
Sg (yj,ε)

)
(1 + θj,ε)

2
∫

B0(δ)
ψ̃2

j,ε dx

+O

∑
k∈Dj

∫
Ωj,k,ε

ψ̃2
j,ε dx

+O

(∫
B0(δ)

|x|2ψ̃2
j,ε dx

)

+O

(∫
B0(δ)

ψ̃j,ε|wj,ε| dx
)

+O

(∫
B0(δ)

|wj,ε|2 dx
)

.

This leads thanks to (3.29) and (3.30) and after direct computations to∫
Ωj,ε(δ)

(
hj,ε +

1
2
(∇hj,ε,∇f

)
gj,ε

+
1
4
(
∆gj,ε

)2
f

)
u2j,ε dvgj,ε

=
(
hε (yj,ε)− 1

6
Sg (yj,ε)

)
×


64ω3ν

2
j,ε ln

(
rj,ε

νj,ε

)
if n = 4

4(n− 1)
n− 4

K
−n

2
n ν2j,ε if n ≥ 5

+O
(
δ

1
2 νn−2

j,ε

)
+ o
(
ν3j,ε
)
+O

δ
1
2

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2
 .

Coming back to (3.31) with (3.32), (3.35), (3.36) and this last estimate,
we finally arrive to
(3.37)∫

Bxj
(δ)

(
h0 +

1
2
(∇h0,∇fj)g +

1
4
(∆g)

2 fj

)
H2

j dvg = Aj (δ) + o(1)

with o (1) → 0 as δ → 0 when n = 3. Remember here that, when n = 3,
Dj = ∅ thanks to Claim 2. When n = 4, we get that

(
hε (yj,ε)− 1

6
Sg (yj,ε)

)
ln
(

1
νj,ε

)

=
Aj (δ)
64ω3

+O
(√

δ
)
+O

ν−2
j,ε

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2(
1 +

dg (xk,ε, yj,ε)
sj,k,ε

)

(3.38)
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and when n ≥ 5, we arrive to(
hε (yj,ε)− C(n)Sg (yj,ε)

)
(3.39)

=
(

n− 4
4(n− 1)

K
n
2
n Aj (δ) +O

(√
δ
))

νn−4
j,ε

+O

ν−2
j,ε

∑
k∈Dj

(
µk,ε

sj,k,ε

)n−2(
1 +

dg (xk,ε, yj,ε)
sj,k,ε

) .

We assume for the end of this section that n ≥ 4. Let k ∈ Dj . We write
with (3.7) and (3.19) that

dg (yj,ε, xk,ε)
sj,k,ε

=
dg (xj,ε, xk,ε)

sj,k,ε
+ o

(
µj,ε

sj,k,ε

)
= O

(√
µj,ε

µk,ε

)
.

Thanks to (3.6), j ∈ Ak so that, by (2.2), we get that sj,k,ε ≥ rk,ε. In
particular, by (3.8), rk,ε → 0 as ε → 0 and we can apply Claim 2, point
(ii), to get that(

µk,ε

sj,k,ε

)n−2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

)
≤
(
µk,ε

rk,ε

)n−2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

)
= O

(√
µj,ε

µk,ε

(
µk,ε

rk,ε

)n−2
)

=


O

(√
µj,ε

µk,ε
µ2

k,ε ln
(

1
µk,ε

))
if n = 4

O

(√
µj,ε

µk,ε
µ2

k,ε

)
if n ≥ 5.

Thanks to (3.6)and (3.19), this leads to
(3.40)(

µk,ε

sj,k,ε

)n−2(
1 +

dg (yj,ε, xk,ε)
sj,k,ε

)
=


o

(
ν2j,ε ln

(
1

νj,ε

))
if n = 4

o
(
ν2j,ε
)

if n ≥ 5

for all k ∈ Dj .
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4. Proof of the results and examples of blow-up

4.1 Proof of the theorem

Let us prove our theorem as stated in the introduction. We assume
that 3 ≤ n ≤ 5. If u0 �≡ 0, we know by (2.2) that r21,ε ≤ µ1,ε. In
particular, r1,ε → 0 as ε → 0 and claim 2 holds. Plugging the estimate
r21,ε ≤ µ1,ε into the estimate of Claim 2, point (ii), we get a contradiction
for n = 4, 5. For n = 3, since Claim 2 says that r1,ε does not go to 0
as ε → 0, we also get a contradiction. This proves that for 3 ≤ n ≤ 5,
u0 ≡ 0. We assume now that n = 4, 5. We claim that

(4.1) h0 (xN ) = C(n)Sg (xN ) ,

an assertion which clearly implies the second part of the theorem. Let
us prove (4.1). We distinguish two cases. The easiest one is when
(xN,ε, µN,ε) is an almost isolated concentration point, that is when
lim infε→0 rN,ε > 0. In this case, we can apply the results of Sec-
tion 3: relations (3.38) and (3.39) together with (3.40) clearly give,
since νN,ε → 0 as ε → 0, that hε (yN,ε) − C(n)Sg (yN,ε) → 0 as ε → 0.
By (0.1) and (3.19), this proves (4.1) in this case. Let us now consider
the case when rN,ε → 0 as ε → 0. Applying point (ii) of Claim 2, we
first get that h0 (xN ) ≥ C(n)Sg (xN ). Assume by contradiction that

(4.2) h0 (xN ) > C(n)Sg (xN ) .

Since rN,ε → 0 as ε → 0 and u0 ≡ 0, (2.2) gives the existence of some
i ∈ AN such that

µN,ε

µi,ε
dg (xi,ε, xN,ε)

2 → 0 as ε → 0.

By (1.6), µN,ε ≥ µi,ε so that xi = xN . This proves that

C =
{
i ∈ AN s.t. xi = xN

} ∪ {N}
possesses at least two elements. We let k ∈ C be such that, after passing
to a subsequence,

rk,ε = min
i∈C

ri,ε

and we let
D =

(Ak ∩ Bk

) ∪ {k}
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with Bk as in Claim 2. It is easily checked with the above choice of
k that for any i ∈ D, D =

(Ai ∩ Bi

) ∪ {i} and that D possesses at
least two elements. Moreover, it is clear that λij > 0 for all i, j ∈ D,
i �= j, λij as in Claim 2. We let now Rε → 0 as ε → 0 be such that
{xi,ε, i ∈ D} ⊂ Bxk,ε

(Rε) and such that there exists j ∈ D such that
xj,ε ∈ ∂Bxk,ε

(Rε). It is then easily checked that all the zji’s of Claim 2,
i ∈ D, lie in an Euclidean ball whose boundary contains 0. This implies
that ∇hj(0) �= 0 since Aj ∩ Bj �= ∅ and λji > 0 for all i ∈ Aj ∩ Bj .
Assuming that (4.2) holds, point (iii) of Claim 2 gives that ∇hj(0) = 0.
This is a contradiction. Thus (4.2) is false. This proves (4.1) so that, if
n = 4, 5, there exists at least one geometric concentration point x0 ∈ S
such that h0 (x0) = C(n)Sg (x0). As a consequence, compactness holds,
that is (0.4) holds, if h0 �= C(n)Sg everywhere in M .

Let us prove the last part of the theorem. We assume that hε (x) ≤
C(n)Sg (x) for all x ∈ M and all ε > 0. In this situation, we clearly get
from (2.66) and (2.67) that lim infε→0 r1,ε > 0 if n = 4, 5. Remember
here that h1 (0) > 0 by (2.7) and that D1 = ∅. Note that, by Claim 2,
we also have that lim infε→0 r1,ε > 0 if n = 3 without any assumption,
except (0.1), on hε. Thus, in this situation, for n = 3, 4, 5, (x1,ε, µ1,ε) is
an isolated concentration point in the sense that C1 = ∅, C1 as in (3.5).
Applying the results of Section 3 and in particular (3.37) − (3.39), we
get that∫

Bx1
(δ)

(
h0 +

1
2
(∇h0,∇f1)g +

1
4
(∆g)

2 f1

)
H2

1 dvg = A1 (δ) + o(1)

when n = 3 and that A1 (δ) ≤ O (δ) if n = 4, 5 for all δ > 0. Here,
A1 (δ) is as in (3.33). Moreover, when n = 4, 5, since ν1,ε → 0 as ε → 0
thanks to (3.19), we also get that h0 (x1) = C(n)Sg (x1). Let us now
write that

G0 (x1, .) = G̃0 (x1, .) + α0 ( . )

where G0 and G̃0 are the Green functions of ∆g + h0 and ∆g +C(n)Sg

respectively. We have that

∆gα0 + h0α0 = (C(n)Sg − h0) G̃0 (x1, .) .

By standard properties of the Green function, we know that

G̃0 (x1, x) ≤ Cdg (x1, x)
2−n
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for some C > 0. If n = 4, 5, since h0 ≤ C(n)Sg and h0 (x1) =
C(n)Sg (x1), we also have that

|h0(x)− C(n)Sg(x)| ≤ Cdg (x1, x)
2

for some C > 0. This permits to prove that ∆gα0+h0α0 ∈ Lp(M) for all
p < n. By Sobolev’s embedding theorem, we then get that α0 ∈ C0(M).
Thanks to the maximum principle, we get that α0 > 0 in M except if
h0 ≡ C(n)Sg in which case α0 ≡ 0. Up to change from the beginning g

into ϕ
4

n−2 g, uε into uεϕ
−1 and hε into

hε := C(n)S
ϕ

4
n−2 g

+ (hε − C(n)Sg)ϕ
− 4

n−2 ,

we may assume without loss of generality that for all the geometric
concentration points xi ∈ S (which are the same for uε and uεϕ

−1), the
Green function of ∆g + C(n)Sg writes as

G̃0 (xi, x) =
1

(n− 2)ωn−1dg (xi, x)
n−2 + M̃ (xi) + o (1)

for x close to xi. For the existence of a conformal change of metric having
this property in dimensions n = 3, 4, 5, we refer to Lee-Parker [21].
Moreover, thanks to the positive mass theorem of Schoen-Yau [31, 32]
(see also Schoen [28], Schoen-Yau [33] and Witten [36]), we know that
M̃ (xi) > 0 except if (M, g) is conformally diffeomorphic to the standard
sphere. Since α0 ∈ C0(M) and α0 > 0 except if h0 ≡ C(n)Sg, we get
that

G0 (x1, x) =
1

(n− 2)ωn−1dg (x1, x)
n−2 +M (x1) + o (1)

for x close to x1 with M (x1) > 0 except if (M, g) is conformally diffeo-
morphic to the standard sphere and h0 ≡ C(n)Sg. Coming back to the
definition (3.34) of H1, we also have that

H1 (x) = a
−n−2

2
n

(
1

dg (x1, x)
n−2 +M1

)
+ o (1)

for x close to x1 with M1 > 0 except if (M, g) is conformally diffeomor-
phic to the standard sphere, h0 ≡ C(n)Sg and there is only one concen-
tration point. Some computations, which can be carried in conformal
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normal coordinates (see Lee-Parker [21]) up to the above conformal
change of metric, lead then to

lim
δ→0

A1 (δ) =
(n− 2)2

2
a2−n

n ωn−1M1

for n = 3, 4, 5 and to

lim
δ→0

∫
Bx1

(δ)

(
h0 +

1
2
(∇h0,∇f1)g +

1
4
(∆g)

2 f1

)
H2

1 dvg = 0

if n = 3. Thus we get a contradiction when n = 3, 4, 5 and h0 ≤ C(n)Sg

except if (M, g) is conformally diffeomorphic to the standard sphere and
h0 ≡ C(n)Sg. This ends the proof of the theorem. q.e.d.

Let us now state some results in higher dimensions. We claim that
if n ≥ 7, then for any x ∈ S, h0 (x) = C(n)Sg (x). Of course, this
implies again that compactness holds, that is that (0.4) holds, if h0 �=
C(n)Sg everywhere in M and n ≥ 7. As shown by the examples below
(see Section 4.2), the situation in dimension n = 6 is more intricate.
However, the above statement continues to hold for n = 6 if u0 ≡ 0. Let
us prove this statement. We assume that n = 6 and u0 ≡ 0 or that n ≥
7. We let i ∈ {1, . . . , N}. We need to prove that h0 (xi) = C(n)Sg (xi).
Up to change i, we may assume that µi,ε ≥ µj,ε for all j ∈ {1, . . . , N}
such that xi = xj . If (xi,ε, µi,ε) is an almost isolated concentration point,
then it is a direct consequence of (3.38)–(3.40) together with (0.1) and
(3.19) that h0 (xi) = C(n)Sg (xi). We assume now that ri,ε → 0 as
ε → 0. Then point (ii) of Claim 2 implies that h0 (xi) ≥ C(n)Sg (xi).
Assume by contradiction that

(4.3) h0 (xi) > C(n)Sg (xi) .

We get then by point (ii) of Claim 2 that

(4.4) rn−2
i,ε = O

(
µn−4

i,ε

)
.

In particular, we obtain for n ≥ 7 that ri,ε = o
(√

µi,ε

)
. Thus, by (2.2),

there exists l ∈ Ai such that

r2i,ε =
µi,ε

µl,ε
dg (xl,ε, xi,ε)

n−2 + µi,εµl,ε.
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If xl �= xi, we then get that r2i,ε ≥ C
µi,ε

µl,ε
for some C > 0, a contradiction

with (4.4) for n ≥ 6 since µi,ε → 0 and µl,ε → 0 as ε → 0. Thus ri,ε is
achieved for some l ∈ Ai with xi = xl. This proves that

C =
{
k ∈ Ai s.t. xi = xk

} ∪ {i}.
possesses at least two elements. We let k ∈ C be such that, after passing
to a subsequence,

rk,ε = min
i∈C

ri,ε

and we let
D = Ak ∪ Bk ∪ {k}

with Bk as in Claim 2. Arguing as above in the low-dimensional case,
one can conclude that (4.3) is false and thus end the proof of the above
statement. Namely: if n = 6 and u0 ≡ 0 or if n ≥ 7, then h0 (x) =
C(n)Sg (x) for all x ∈ S.

As a remark, the compactness result we obtain in the theorem and in
dimensions n ≥ 7 answers a question asked in Hebey [19] (question Q10).
In this paper, the author is mainly interested by the energy function,
defined as the minimal energy a solution of ∆gu + αu = u2

�−1, α ∈ R,
can have. It follows also from the above results that this energy function
is lower semi-continuous with respect to α for α > C(n)maxM Sg in
dimensions n ≥ 4 (see question Q6 of [19]).

4.2 Examples of blowing-up sequences

We provide in this section some blowing up sequences (uε) of solutions of
(Eε). We follow Druet-Hebey [11]. We consider (Sn, h) the unit sphere
of R

n+1 equipped with its round metric. Its scalar curvature is n(n−1)
so that C(n)Sh = n(n−2)

4 . It is well-known that all the solutions of

∆hu+ C(n)Shu = u2
�−1

are given by

u =
(
n(n− 2)

4
(
β2 − 1

))n−2
4 (

β − cos dh (x0, x)
)1−n

2

where β > 1 and x0 ∈ Sn. For i = 1, 2, we let (xi,ε)ε>0 be two sequences
of points in Sn and (βi,ε) be two sequences of positive real numbers such
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that βi,ε > 1. We let in the following

Bi,ε =
(
n(n− 2)

4
(
β2

i,ε − 1
))n−2

4 (
βi,ε − cos dh (xi,ε, x)

)1−n
2

for i = 1, 2 and
uε = λB1,ε +B2,ε

where λ ∈ R
+. Clearly, uε ∈ C∞ (Sn) and uε > 0 for all ε > 0. It is

easily checked that uε verifies

∆huε + hεuε = u2
�−1

ε

in Sn where the linear term hε is given by

hε = C(n)Sh +Φε

with

Φε =
(λB1,ε +B2,ε)

2�−1 − λB2�−1
1,ε −B2�−1

2,ε

λB1,ε +B2,ε
.

We assume in the sequel that n ≥ 6.

First, we fix x1,ε = x0 and we let β1,ε = β2,ε = βε verifying that
βε → 1 as ε → 0. We choose x2,ε ∈ Sn such that dh (x2,ε, x0) ≥
(βε − 1)

1
20 and such that dh (x0, x1,ε) → 0 as ε → 0. One can check by

direct computations that hε converges to C(n)Sh in C0(M), with the
additional property that the convergence of hε is C1 for n = 6. This
provides examples of blowing-up sequences of solutions uε of Equation
(Eε) for which there is one geometric concentration point carrying two
minimal energies. Namely, the concentration points are not isolated.

Second, we choose x1,ε = x2,ε = x0 in Sn, β1,ε = β1 and we let
β2,ε → 1 as ε → 0. We let also λ = 1. One checks then by direct
computations that the sequence (hε) is bounded in L∞ (Sn) and that
hε → C(n)Sh in Lp(M) for all p > 1. Moreover, we clearly have that
limε→0 uε = u0 weakly in H2

1 (Sn) where u0 �≡ 0. This provides examples
of blowing-up sequences of solutions uε of Equation (Eε) which does not
converge weakly to 0 in dimensions n ≥ 6.

At last, we choose x1,ε = x2,ε = x0 in Sn, β1,ε = β1 and we let
β2,ε → 1 as ε → 0. We let also λ > 1. One checks then by direct
computations that the sequence (hε) is bounded in L∞ (Sn) and that
hε → h0 in Lp(M) for all p > 1 for some h0 ∈ C0(M). Moreover,
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when n ≥ 7, infSn |hε − C(n)Sh| → 0 as ε → 0 but when n = 6,
infSn |hε − C(n)Sh| �→ 0 as ε → 0. Independently, we clearly have that
limε→0 uε = u0 weakly in H2

1 (Sn) where u0 �≡ 0. This provides examples
of blowing-up sequences of solutions uε of Equation (Eε) which does
not converge weakly to 0 and for which there exists ε0 > 0 such that
hε > C(n)Sh + ε0 for all ε > 0 in dimension n = 6.

We refer to [12] for other examples of blowing-up sequences of solu-
tions of equations like (E).

Appendix 1: An eigenvalue problem

We study in this appendix an eigenvalue problem we used in a crucial
way in Sections 2 and 3. The limiting eigenvalue problem, that is the
Euclidean one, was studied by Bianchi-Egnell [3] and was used first by
Adimurthi-Pacella-Yadava [1] in the study of blow-up problems in the
Euclidean space. The lemma below, or more precisely a variant of it,
was used in blow-up problems in Riemannian geometry by Druet-Hebey
[10] (see also [17]).

Lemma. We let (gε)ε>0 be a sequence of Riemannian metrics in
B0 (3δ) ⊂ R

n, δ > 0, verifying that there exists λ > 1 such that

(A1) λ−1ξ ≤ gε ≤ λξ

in the sense of bilinear forms with ξ the Euclidean metric, that

(A2) gε (0)ij = δij

for all i, j ∈ {1, . . . , n} and that

(A3) (gε) is bounded in C2
(
B0 (2δ)

)
.

We let also (µε)ε>0 be a sequence of positive real numbers converging to
0 as ε → 0 and (ϕε)ε>0 be a sequence of smooth functions with compact
support in B0 (δ) verifying that

(A4) µ
n
2
−1

ε ϕε (µεx) → u as ε → 0

strongly in D1,2 (Rn) where

u (x) =
(
1 +

|x|2
n (n− 2)

)1−n
2

.
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We consider (τi,ε, ζi,ε) the solutions of the following eigenvalue problem:

(A5)



∆gεζi,ε = τi,εϕ
2�−2
ε ζi,ε in B0 (δ)

ζi,ε = 0 on ∂B0 (δ)∫
B0(δ)

ϕ2�−2
ε ζi,εζj,ε dvgε = K

−n
2

n δij

with τ1,ε ≤ · · · ≤ τi,ε ≤ . . . Then, after passing to a subsequence, we
have that

lim
ε→0

τi,ε = τi as ε → 0

and that
lim
ε→0

µ
n
2
−1

ε ζi,ε (µεx) → ζi as ε → 0

strongly in D1,2 (Rn) for all i ≥ 1 where (ζi, τi) satisfy

(A6)


∆ξζi = τiu

2�−2ζi in R
n

∫
Rn

u2
�−2ζiζj dvξ = K

−n
2

n δij

and τ1 ≤ · · · ≤ τi ≤ . . . .

Proof. We prove the result by induction on i. We mainly follow [10]
(see also [17]) where a similar result was used. When i = 1,

τ1,ε = inf
ϕ∈C∞

c (B0(δ)), ϕ �≡0

∫
B0(δ)

|∇ϕ|2gε
dvgε∫

B0(δ)
ϕ2�−2

ε ϕ2 dvgε

.

Taking ϕ = ϕε, we get by (A1)–(A4) that

lim sup
ε→0

τ1,ε ≤
∫

Rn |∇u|2ξ dx∫
Rn u2� dx

= 1.

Thus, up to a subsequence, we have that limε→0 τ1,ε = τ̂1 ≤ 1. Thanks

to (A1) and (A5), we then get that ζ̂1,ε = µ
n
2
−1

ε ζ1,ε (µεx) is bounded in
D1,2 (Rn). Thus, up to a subsequence, we know that ζ̂1,ε ⇀ ζ̂1 as ε → 0
weakly in D1,2 (Rn). Thanks to (A2)–(A5), it is easily checked that

∆ξ ζ̂1 = τ̂1u
2�−2ζ̂1
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in R
n and that

(A7)
∫

Rn

u2
�−2ζ̂21 dx = K

−n
2

n .

It comes from the Euclidean Sobolev inequality and the equation verified
by ζ̂1 that(∫

Rn

ζ̂2
�

1 dx

) 2
2�

≤ Kn

∫
Rn

∣∣∣∇ζ̂1

∣∣∣2
ξ
dx

= Knτ̂1

∫
Rn

u2
�−2ζ̂21 dx

≤ Knτ̂1

(∫
Rn

u2
�
dx

) 2�−2
2�
(∫

Rn

ζ̂2
�

1 dx

) 2
2�

= Knτ̂1

(∫
Rn

ζ̂2
�

1 dx

) 2
2�

.

Since τ̂1 ≤ 1 and ζ̂1 �≡ 0 thanks to (A7), we thus get that τ̂1 = 1 and
that all the above inequalities are equalities: this implies that ζ̂1 = u.
Since, by Bianchi-Egnell [3], ζ1 = u and τ1 = 1, the lemma is proved for
i = 1.

Let p ≥ 2 and assume that the lemma holds for all 1 ≤ i ≤ p − 1.
We write that

τp,ε = inf
ϕ∈Hp,ε

∫
B0(δ)

|∇ϕ|2gε
dvgε∫

B0(δ)
ϕ2�−2

ε ϕ2 dvgε

where

Hp,ε =
{
ϕ ∈ C∞

c (B0 (δ)) s.t.∫
B0(δ)

ϕ2�−2
ε ζi,εϕdvgε = 0 for all i = 1, . . . , p− 1

}
.

We claim first that

(A8) lim sup
ε→0

τp,ε ≤ τp.

Let us prove this claim. First, note that we have

τp = inf
ϕ∈Hp

∫
Rn |∇ϕ|2ξ dx∫

Rn u2�−2ϕ2 dx
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where

Hp =
{
ϕ ∈ C∞

c (Rn) s.t.
∫

Rn

u2
�−2ζiϕdx = 0 for all i = 1, . . . , p− 1

}
.

Let f ∈ Hp. We set

fε (x) = µ
1−n

2
ε f

(
x

µε

)
and

f̂ε (x) = fε −K
n
2
n

p−1∑
i=1

(∫
B0(δ)

ϕ2�−2
ε ζi,εfε dvgε

)
ζi,ε.

By (A5), it is clear that, for ε > 0 small enough, f̂ε ∈ Hp,ε. It is easily
checked thanks to (A5) that∫

B0(δ)
ϕ2�−2

ε f̂2
ε dvgε

=
∫

B0(δ)
ϕ2�−2

ε f2
ε dvgε −K

n
2
n

p−1∑
i=1

(∫
B0(δ)

ϕ2�−2
ε ζi,εfε dvgε

)2

and that∫
B0(δ)

∣∣∣∇f̂ε

∣∣∣2
gε

dvgε

=
∫

B0(δ)
|∇fε|2gε

dvgε −K
n
2
n

p−1∑
i=1

τi,ε

(∫
B0(δ)

ϕ2�−2
ε ζi,εfε dvgε

)2

.

Thanks to (A2), (A3) and to the fact that the lemma holds for i =
1, . . . , p− 1, we easily get that∫

B0(δ)
ϕ2�−2

ε ζi,εfε dvgε → 0

as ε → 0 for all i = 1, . . . , p− 1 and then thanks to (A4) that∫
B0(δ)

ϕ2�−2
ε f̂2

ε dvgε →
∫

Rn

u2
�−2f2 dx

as ε → 0 and ∫
B0(δ)

∣∣∣∇f̂ε

∣∣∣2
gε

dvgε →
∫

Rn

|∇f |2ξ dx.
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Since it holds for all f ∈ H, this clearly proves (A8). In particular, (τp,ε)
is bounded and, up to a subsequence, we have that limε→0 τp,ε = τ̂p ≤
τp. Thanks to (A1) and (A5), we then get that ζ̂p,ε = µ

n
2
−1

ε ζp,ε (µεx)
is bounded in D1,2 (Rn). Thus, up to a subsequence, we know that
ζ̂p,ε ⇀ ζ̂p as ε → 0 weakly in D1,2 (Rn). Thanks to (A2)–(A5), it is
easily checked that

∆ξ ζ̂p = τ̂pu
2�−2ζ̂p

in R
n and that ∫

Rn

u2
�−2ζiζ̂p dx = K

−n
2

n δip

for all i = 1, . . . , p. Since τp,ε ≥ τp−1,ε, we also know that τ̂p ≥ τp−1.
This clearly implies that τ̂p = τp and that ζ̂p = ζp. This ends the proof
of the lemma. q.e.d.

Appendix 2: A Pohozaev identity

We prove in this appendix the Pohozaev identity we repeatedly used
in this paper. We let (M, g) be a complete Riemannian manifold and
Ω be a compact subset of M with smooth boundary. We let x0 ∈ M
and R > 0 be such that Ω ⊂ Bx0 (R) and we assume that u is a smooth
positive function verifying that

∆gu+ hu = u2
�−1

in Bx0 (R) for some h ∈ C∞(Bx0 (R)
)
. At last, we let f ∈ C∞(Bx0 (R)

)
.

Integrating by parts, we have that∫
Ω
(∇u,∇f)g ∆gu dvg =

∫
Ω

(
∇
(
(∇u,∇f)g

)
,∇u

)
g
dvg

−
∫

∂Ω
(∇u,∇f)g (∇u, ν)g dσg

where ν denotes the unit outer normal of ∂Ω and dσg is the induced
Riemannian measure on ∂Ω. Noting that

(
∇
(
(∇u,∇f)g

)
,∇u

)
g
= ∇2f

(∇u,∇u
)
+

1
2
(∇f,∇ (|∇u|2g

))
g
,
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we obtain by integration by parts that∫
Ω
(∇u,∇f)g ∆gu dvg =

1
2

∫
Ω
∆gf |∇u|2g dvg +

∫
Ω
∇2f

(∇u,∇u
)
dvg

+
1
2

∫
∂Ω

(∇f, ν)g |∇u|2g dσg

−
∫

∂Ω
(∇u,∇f)g (∇u, ν)g dσg

so that∫
Ω
(∇u,∇f)g ∆gu dvg +

n− 2
2

∫
Ω
|∇u|2g dvg

=
1
2

∫
∂Ω

(∇f, ν)g |∇u|2g dσg −
∫

∂Ω
(∇u,∇f)g (∇u, ν)g dσg

+
1
2

∫
Ω
(∆gf + n) |∇u|2g dvg +

∫
Ω

(∇2f − g
) (∇u,∇u

)
dvg.

Now we use the equation satisfied by u to get that∫
Ω
|∇u|2g dvg =

∫
∂Ω

u (∇u, ν)g dσg +
∫
Ω
u2

�
dvg −

∫
Ω
hu2 dvg

and that∫
Ω
(∇u,∇f)g ∆gu dvg

=
∫
Ω
∆gf

(
1
2�

u2
� − 1

2
hu2
)

dvg +
1
2

∫
Ω
(∇f,∇h)g u

2 dvg

+
∫

∂Ω
(∇f, ν)g

(
1
2�

u2
� − 1

2
hu2
)

dσg

which gives that∫
Ω
(∇u,∇f)g ∆gu dvg +

n− 2
2

∫
Ω
|∇u|2g dvg

=
∫

∂Ω
(∇f, ν)g

(
1
2�

u2
� − 1

2
hu2
)

dσg +
n− 2
2

∫
∂Ω

(∇u, ν)g u dσg

+
∫
Ω

(
∆gf + n

)( 1
2�

u2
� − 1

2
hu2
)

dvg

+
∫
Ω

(
h+

1
2
(∇h,∇f)g

)
u2 dvg.
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Thus we have obtained that∫
B

(
h+

1
2
(∇h,∇f)g

)
u2 dvg

=
∫
Ω

(
∆gf + n

)(1
2
|∇u|2g +

1
2
hu2 − 1

2�
u2

�

)
dvg

+
∫
Ω

(∇2f − g
) (∇u,∇u

)
dvg −

∫
∂Ω

(∇f, ν)g

(
1
2�

u2
� − 1

2
hu2
)

dσg

+
1
2

∫
∂Ω

(∇f, ν)g |∇u|2g dσg −
∫

∂Ω
(∇u,∇f)g (∇u, ν)g dσg

− n− 2
2

∫
∂Ω

u (∇u, ν)g dσg.

Integrating by parts and using the equation satisfied by u, we have that∫
Ω

(
∆gf + n

)|∇u|2g dvg

=
∫
Ω

(
∇((∆gf + n)u

)
,∇u

)
g
dvg − 1

2

∫
Ω

(∇ (∆gf) ,∇u2
)
g
dvg

=
∫

∂Ω

(
∆gf + n

)
(∇u, ν)g u dσg − 1

2

∫
∂Ω

(∇ (∆gf) , ν
)
g
u2 dσg

+
∫
Ω

(
∆gf + n

) (
u2

� − hu2
)

dvg − 1
2

∫
Ω

(
∆2

gf
)
u2 dvg.

Thus we get that∫
Ω

(
∆gf + n

)(1
2
|∇u|2g +

1
2
hu2 − 1

2�
u2

�

)
dvg

=
1
n

∫
Ω

(
∆gf + n

)
u2

�
dvg − 1

4

∫
Ω

(
∆2

gf
)
u2 dvg

+
1
2

∫
∂Ω

(
∆gf + n

)
(∇u, ν)g u dσg − 1

4

∫
∂Ω

(∇ (∆gf) , ν
)
g
u2 dσg.

This finally leads to the following:∫
Ω

(
h+

1
2
(∇f,∇h)g +

1
4
(
∆2

g

)
f

)
u2 dvg

=
1
n

∫
Ω

(
∆gf + n

)
u2

�
dvg +

∫
Ω

(∇2f − g
) (∇u,∇u

)
dvg +A
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where A is the boundary term

A =
1
2

∫
∂Ω

(∇f, ν)g |∇u|2g dσg −
∫

∂Ω
(∇u,∇f)g (∇u, ν)g dσg

− n− 2
2

∫
∂Ω

(∇u, ν)g u dσg −
∫

∂Ω
(∇f, ν)g

(
1
2�

u2
� − 1

2
hu2
)

dσg

+
1
2

∫
∂Ω

(
∆gf + n

)
(∇u, ν)g u dσg − 1

4

∫
∂Ω

(∇ (∆gf) , ν
)
g
u2 dσg.

This is the relation we referred to as the Pohozaev identity, with test
function f , applied in Ω to a function u which verifies the above equa-
tion.
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[4] H. Brézis, Problèmes de convergence dans certaines EDP non linéaires et appli-
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